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1. Introduction:  
Carlson [1-5] has defined Dirichlet average of functions which represents certain type of 
integral average with respect to Dirichlet measure. He showed that various important special 
functions can be derived as Dirichlet averages for the ordinary simple functions likeݔ௧,݁௫ 
etc. He has also pointed out [3] that the hidden symmetry of all special functions which 
provided their various transformations can be obtained by averaging ݔ,݁௫ etc. Thus he 
established a unique process towards the unification of special functions by averaging a 
limited number of ordinary functions. Almost all known special functions and their well 
known properties have been derived by this process. 
Recently, Gupta and Agarwal [10,11] found that averaging process is not altogether new but 
directly connected with the old theory of fractional derivative. Carlson overlooked this 
connection whereas he has applied fractional derivative in so many cases during his entire 
work. Deora and Banerji [6] have found the double Dirichlet average of ex by using 
fractional derivatives and they have also found the Triple Dirichlet Average of xt by using 
fractional derivatives [8]. We can say that every analytic functions can be measured as 
Dirichlet average, using fractional derivative. 
In the present paper the Dirichlet average of ۵܉ܜܜܑۻ ܌܍ܢܑܔ܉ܚ܍ܖ܍ െ  has ܖܗܑܜ܋ܖܝ ܚ܍ܔ܍ۺ
been obtained. 
 
2. Definitions: 
We give blew some of the definitions which are necessary in the preparation of this paper. 
 
2.1 Standard Simplex inࡾ,   : 
We denote the standard simplex in ܴ, ݊  1 by [1, p.62]. 

ܧ ൌ ܧ ൌ ሼܵ൫ݑଵ,ݑଶ, …… . . ൯ݑ ∶ ଵݑ  0,……… . ݑ  0, ଵݑ   ଶݑ  ⋯…… ݑ  1ሽ 
 
2.2 Dirichlet measure: 
 Let ܾ ∈ ,ܥ ݇  2 and let ܧ ൌ  ିଵ be the standard simplex in ܴିଵ. The complex measureܧ
 .ሾ1ሿܧ  is defined byߤ

ሻݑሺߤ݀ ൌ
1

ሺܾሻܤ
ଵݑ
భିଵ ………… . ିଵݑ

ೖషభିଵሺ1 െ ଵݑ െ ⋯െ ିଵሻܾݑ
ିଵ݀ݑଵ ……… .  ିଵ ሺ2.2.1ሻݑ݀

Will be called a Dirichlet measure. 
Here 

ሺܾሻܤ ൌ ………,ሺܾ1ܤ . ܾ݇ሻ ൌ
Γሺܾଵሻ…………… . . Γሺܾሻ

Γሺܾଵ  ⋯…… . . ܾሻ
, 

வܥ ൌ ൛ݖ ∈ :ݖ ݖ ് 0, |ݖ ݄| ൏ ߨ
2ൗ ൟ, 

Open right half plane and ܥவk is the ݇௧ Cartesian power of ܥவ 
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2.3 Dirichlet Average[1, p.75]: 
Let Ω be the convex set in ܥவ, let ݖ ൌ ሺݖଵ, ……… , ሻݖ ∈
Ω୩, k  2 and let ݑ.  be a convex combination of ݖ
,ଵݖ ……… ,   . Let ݂ be a measureable function on Ω and letݖ
 in ܧ  be a Dirichlet measure on the standard simplexߤ
ܴିଵ.Define  

,ሺܾܨ ሻݖ ൌ න݂ሺݑ. ሻ݀ݖ



ா

 ሻ                                               ሺ2.3ሻݑሺߤ

We shall call F the Dirichlet measure of ݂ with variables 
ݖ ൌ ሺݖଵ, ……… , ܾ ሻ and parametersݖ ൌ ሺܾଵ, ……… . ܾሻ. 
Here  

.ݑ ݖ ൌݑݖ



ୀଵ

 and ݑ ൌ 1 െ ଵݑ െ⋯…… .െݑିଵ. 

         If ݇ ൌ 1, define ܨሺܾ, ሻݖ ൌ ݂ሺݖሻ. 
 
2.4 Fractional Derivative [9, p.181]: 
The concept of fractional derivative with respect to an 
arbitrary function has been used by Erdelyi [9]. The most 
common definition for the fractional derivative of order ߙ 
found in the literature on the “Riemann-Liouville integral” 
is 

௭ܦ
ఈܨሺݖሻ ൌ

1

Γሺെߙሻ
නܨሺݐሻሺݖ െ ሺ2.4ሻ                           ݐሻିఈିଵ݀ݐ

௭



 

Where ܴ݁ሺߙሻ ൏ 0 and ܨሺݔሻ is the form of ݔ݂ሺݔሻ, where 
݂ሺݔሻ is analytic at ݔ ൌ 0. 
 
2.5   Generalized Mittag-Leffler function 
Here , first the notation and the definition of the Generalized 
Mittag-Leffler function introduced by Ahmad Faraj , Tariq 
Salim [13] has been given as  

)(

z
  

)(b

)(a
  (z)  

k

0k 1

1,b,a

,,
11

 
 



 kkn

kmm

nE
                  (2.5) 

Here 0) ( Re  0,) ( Re ,,   C  ,(aj)km, (bj)kn 
are the pochammer symbols and m,n are non-negative real 
numbers. 

Average of  (z)  
,b,a

,,
11E

m

n (from [16]): 
let ߤ be a Dirichlet measure on the standard simplex E in 
ܴିଵ; k 2. For every  ݖ ∈  ܥ

ܵሺܾ, ሻݖ ൌ න

  
,b,a

,,
11E

m

n

ሺݑ. ሻݖ ߤ݀



ா

 ሺݑሻ                              ሺ2.6ሻ 

If ݇ ൌ 1, ܵ ൌ ሺܾ, ሻݖ ൌ
  

,b,a

,,

11E
m

n

ሺݑ.  .ሻݖ
 
2.6 Triple averages of functions of one variable (from [1, 
2]): let ݖ be species with complex elements ݖ. Let ݑ ൌ
ሺݑଵ,………ݑሻ, ݒ ൌ ሺݒଵ, ݓ ሻ  andݒ………… ൌ
ሺݓଵ,…………ݓሻ be an ordered l-tuple, m-tuple and n-tuple 
of real non-negative weights ∑ݑ ൌ 1, ∑ ݒ ൌ 1, and 
ݓ∑ ൌ 1 respectively. 
We define 

.ݑ .ݖ .ݒ ݓ ൌݑݖݒݓ



ୀଵ



ୀଵ



ୀଵ

                                     ሺ2.7ሻ 

If ݖ is regarded as a point of the complex plane, all these 
convex combinations are points in the convex hull of 
ሺݖଵଵ, ,௫ሻݖ……… denote by ܪሺݖሻ. 
Let ߤ ൌ ሺߤଵ, ……… .  ሻ be an ordered ݈ –tuple of complexߤ
numbers with positive real part (Re (ߤ) > 0) and similarly 
for( ߙ ൌ  ). Then we defineߚ...………,ଵߚሻ and β=ሺߙ………………ଵߙ
݀݉ఓሺݑሻ, ݀݉ఈሺݒሻ and ݀݉ఉሺݓሻ as (2.2.1). 
Let ݂ be the holomorphic on a domain D in the complex 
plane. If ܴ݁ሺߤሻ  0, ܴ݁ሺߙሻ, ܴ݁ሺߚሻ  ሻݖሺܪ0ܽ݊݀ ⊂  we ,ܦ
define 

 

,ߤሺܨ ,ݖ ,ߙ ሻߚ ൌ ඵන

   
,b,a

,,
11E

m

n

ሺݑ, ,ݖ ,ݒ ሻݓ ݀݉ఓሺݑሻ ݀݉ఈሺݒሻ ݀݉ఉሺݓሻ          ሺ2.8ሻ 

ܴ௧ሺߤ, ,ݖ ,ߙ ሻߚ ൌ ඵሺݑ, ,ݖ ,ݒ  ሻ                                                               ሺ2.9ሻݓሻ ݀݉ఉሺݒሻ ݀݉ఈሺݑሻ௧݀݉ఓሺݓ

ܵሺߤ, ,ݖ ,ߙ ሻߚ ൌ ඵሺ݁ሻ௨.௭.௩.௪ ݀݉ఓሺݑሻ ݀݉ఈሺݒሻ ݀݉ఉሺݓሻ                                                                  ሺ2.10ሻ 

 
3. Main Results and Proof: 
Theorem: Following equivalence relation for Triple 
Dirichlet Average is established for (݈ ൌ ݉ ൌ ݊ ൌ 2) 

   
,b,a

,,
11E

m

n ,ݑ ) ,ݖ ,ݒ  ሻݓ
 

ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ሻ′ߚ ൌ
Γሺߤ  ᇱሻߤ

Γߤ 
ሺݔ െ ሻଵିఓିఓݕ

ᇲ
௫ି௬ܦ
ିఓᇲ

(x)  
,b,a

,,
11E

m

n

 ሺݔ െ  ሻఓିଵ                                  ሺ3.1ሻݕ

 
Proof: 

Let us consider the triple average for ሺ݈ ൌ ݉ ൌ ݊ ൌ 2 of  
 

,b,a

,,
11E

m

n ( u.z.v.w) 
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ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ሻ′ߚ ൌ නන

  
,b,a

,,
11E

m

n

ሺݑ. .ݖ .ݒ ሻ݀݉ఓ,ఓᇲݓ

ଵ



ଵ



ሺݑሻ݀݉ఈ,ఈᇲሺݒሻ݀݉ఉ,ఉᇲሺݓሻ 

ൌ
)(

1
  

)(b

)(a

0k 1

1

 


 kkn

km

   නනሾݑ. .ݖ .ݒ ሿ݀݉ఓ,ఓᇲݓ

ଵ



ଵ



ሺݑሻ݀݉ఈ,ఈᇲሺݒሻ݀݉ఉ,ఉᇲሺݓሻ                            ሺ3.2ሻ 

ܴ݁ሺߤሻ ൌ 0, ܴ݁ሺߤ′ሻ ൌ 0, ܴ݁ሺߙሻ  0, ܴ݁ሺߙ′ሻ  0, ܴ݁ሺߚሻ  0, ܴ݁ሺߚ′ሻ  0 and 

.ݑ .ݖ .ݒ ݓ ൌݑݖݒݓ

ଶ

ୀଵ

ଶ

ୀଵ

ଶ

ୀଵ

ൌሾݑݒሺݖଵݓଵ  ଶሻሿݓଶݖ

ଶ

ୀଵ

ଶ

ୀଵ

 

.ݑ .ݖ .ݒ ݓ ൌሾݑሺݒଵݖଵଵݓଵ  ଶݓଵଶݖଵݒ  ଵݓଶଵݖଶݒ  ଶሻሿݓଶଶݖଶݒ

ଶ

ୀଵ

 

.ݑ .ݖ .ݒ ݓ ൌ ሾݑଵݒଵݖଵଵଵݓଵ  ଶݓଵଵଶݖଵݒଵݑ  ଵݓଵଶଵݖଶݒଵݑ  ଶݓଵଶଶݖଶݒଵݑ   ଵݓଶଵଵݖଵݒଶݑ
ݑଶݒଵݖଶଵଶݓଶ  ଵݓଶଶଵݖଶݒଶݑ   ଶሿݓଶଶଶݖଶݒଶݑ

 
let in first species  ݖଵଵଵ ൌ ܽ, ଵଵଶݖ ൌ ܾ, ଵଶଵݖ ൌ ܿ, ଵଶଶݖ ൌ ݀  and second species 

ଶଵଵݖ ൌ ݁, ଶଵଶݖ ൌ ݂, ଶଶଵݖ ൌ ݃, ଶଶଶݖ ൌ ݄ 
 

and  ൝
ଵݑ ൌ ଶݑ           ,ݑ ൌ 1 െ ݑ
ଵݒ ൌ ଶݒ          ,ݒ ൌ 1 െ ݒ
ଵݓ ൌ ଶݓ          ,ݓ ൌ 1 െ ݓ

 

such that 
.ݑ .ݖ .ݒ ݓ ൌ ሾݓݒݑሺܽ െ ܾ െ ܿ  ݀ െ ݁  ݂  ݃ െ ݄ሻ  ሺܾݒݑ െ ݀ െ ݂  ݄ሻ 

ݓݒሺ݁ െ ݂ െ ݃  ݄ሻ  ሺܿݑݓ െ ݀ െ ݃  ݄ሻ  ሺ݀ݑ െ ݄ሻ  ሺ݂ݒ െ ݄ሻ  ሺ݃ݓ െ ݄ሻ  ݄ሿ 

݀݉ఓ,ఓᇲሺݑሻ ൌ
Γሺߤ  ሻ′ߤ

Γߤ Γߤ′
ఓିଵሺ1ݑ െ ሻఓݑ

ᇲିଵ݀ݑ 

݀݉ఈ,ఈᇲሺݒሻ ൌ
Γሺߙ  ᇱሻߙ

ΓߙΓߙ′
ఈିଵሺ1ݒ െ ሻఈݒ

ᇲିଵ݀ݒ 

݀݉ఉ,ఉᇲሺݓሻ ൌ
Γሺߚ  ᇱሻߚ

ΓߚΓߚ′
ఉିଵሺ1ݓ െ ሻఉݓ

ᇲିଵ݀ݓ 

Putting these values in (3.2), we have, 

ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ሻ′ߚ ൌ
Γሺߤ  ᇱሻߤ

Γߤ Γߤᇱ
Γሺߩ  ᇱሻߩ

ΓߩΓߩᇱ
Γሺߚ  ᇱሻߚ

ΓߚΓߚᇱ
 

ൈ
)(

1
  

)(b

)(a

0k 1

1

 


 kkn

km

නනනሾݓݒݑሺܽ െ ܾ െ ܿ  ݀ െ ݁  ݂  ݃ െ ݄ሻ  ሺܾݒݑ െ ݀ െ ݂  ݄ሻ

ଵ



ଵ



ଵ



 

ݓݒሺ݁ െ ݂ െ ݃  ݄ሻ  ሺܿݑݓ െ ݀ െ ݃  ݄ሻ  ሺ݀ݑ െ ݄ሻ  ሺ݂ݒ െ ݄ሻ  ሺ݃ݓ െ ݄ሻ  ݄ሿሺାఊሻఈିఉିଵ 

ൈ ఓିଵሺ1ݑ െ ሻఓݑ
ᇲିଵ݀ݒ ݑఈିଵሺ1 െ ሻఈݒ

ᇲିଵ݀ݓ ݒఉିଵሺ1 െ ሻఉݓ
ᇲିଵ݀ݓ                                     ሺ3.3ሻ 

In order to obtained the fractional derivative equivalent to the above integral.  
 
Case-1: 
If ܽ ൌ ,ݔ ݁ ൌ ,ݕ ܾ ൌ ܿ ൌ ݀ ൌ ݂ ൌ ݃ ൌ ݄ ൌ 0 then we have  

ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ሻ′ߚ ൌ
Γሺߤ  ᇱሻߤ

Γߤ Γߤᇱ
Γሺߩ  ᇱሻߩ

ΓߩΓߩᇱ
Γሺߚ  ᇱሻߚ

ΓߚΓߚᇱ
 

ൈ
)(

1
  

)(b

)(a

0k 1

1

 


 kkn

km

  නනනሾݓݒݑሺݔ െ ሻݕ  ሿݕݓݒ
ଵ



ଵ



ଵ



ఓିଵሺ1ݑ െ ሻఓݑ
ᇲିଵ ݒఈିଵሺ1 െ ሻఈݒ

ᇲିଵ ݓఉିଵሺ1 െ ሻఉݓ
ᇲିଵ݀ݓ݀ݒ݀ݑ   

Using the definition of beta function and due to suitable adjustment we arrive at   

ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ᇱሻߚ ൌ
ሺߙሻሺߚሻ

ሺߙ  ߚᇱሻሺߙ  ሻ′ߚ

Γሺߤ  ᇱሻߤ

Γߤ Γߤᇱ
 

ൈ
)(

1
  

)(b

)(a

0k 1

1

 


 kkn

km

නሾݔݑ  ሺ1 െ ሿݕሻݑ
ଵ



ఓିଵሺ1ݑ െ ሻఓݑ
ᇲିଵ݀ݑ 
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ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ᇱሻߚ ൌ
ሺߙሻሺߚሻ

ሺߙ  ߚᇱሻሺߙ  ሻ′ߚ
ܵሺߤ, ;ᇱߤ ,ݔ  ሻ                                       ሺ3.4ሻݕ

By using the definition of fractional derivative we get, 

ܵሺߤ, ;ᇱߤ ;ݖ ,ߙ ,ᇱߙ ,ߚ ᇱሻߚ ൌ
ሺߙሻሺߚሻ

ሺߙ  ߚᇱሻሺߙ  ሻ′ߚ

Γሺߤ  ᇱሻߤ

Γߤ 
ሺݔ െ ሻଵିఓିఓݕ

ᇲ
௫ି௬ܦ
ିఓᇲ

  
,b,a

,,
11E

m

n

 ሺݔሻሺݔ െ  ሻఓିଵ               ሺ3.5ሻݕ

This is complete proof of (3.1). 
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