www.allsubjectjournal.com

International Journal of Multidisciplinary Research and Development

Online ISSN: 2349-4182, Print ISSN: 2349-5979
Received: 24-07-2021, Accepted: 09-08-2021, Published: 24-08-2021
Volume 8, Issue 8, 2021, Page No. 132-137

Some suzuki type fixed point results in partial metric spaces

Manisha
Department of Mathematics, Maharshi Dayanand University, Rohtak, Haryana, India

Abstract

In this paper, we prove a Suzuki type fixed point results for multivalued mapping using a partial Hausdorff metric in partial
metric spaces. These results generalize and extend the several comparable results in the literature of metric and partial metric

spaces.
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Introduction

The Banach contraction principle plays a very important
role in nonlinear analysis. Nadler [° assured the
multivalued version of Banach contraction principle by
using Hausdorff metric. In 2008, Suzuki [ introduced a
new type of mapping which generalized Banach contraction
principle. This result attracted several authors to work along
these lines and it generalized to multivalued mappings by
Kikkawa and Suzuki [, Mot and Petrused 1, Dhompongsa
and Yingtaweesittikul ™1 and Singh and Mishra [*4l. Also
Singh et al. % presented a common fixed point theorem for
a pair of multivalued maps in a complete metric space
extending a recent theorem of Doric and Lazovic 2. These
are all Suzuki type theorems.

In 1994, Mathews I introduced the concept of a partial
metric spaces as a part or the study of denotational
semantics of dataflow networks. Aydi et al. I in 2012,
introduced the definition of a partial Hausdorff metric and
also proved the existence of the Banach contraction
principle for multivalued mapping in complete partial metric
spaces.

Ahmad et al. [ generalized various known results proved
by Kikkawa and Suzuki [, Mot, R. K and Petrused [,
Dhompongsa and Yingtaweesittikul 3! in the case of partial
metric spaces. In 2014. Bose [ obtained some Suzuki type
common fixed point theorems for multivalued mappings
using a suitable continuous function. By motivated the
above considerations, we investigate the possibility to
extend the results in & 9 to the setting of partial Hausdorff
metric spaces. Also, our theorem and corollaries generalize
the well known results in the literature.

Let X and Y be non empty sets. T is said to be a multivalued
mapping from X to Y if T is a function from X to the power
set of Y. We denote a multivalued mapping by X —2y.

A point x € X is said to be a fixed point of multivalued
mapping T if X € Tx. We denote the set of fixed points of T
by Fix (T).

Let (X, d) be a metric space and CB(X) denote the
collection of non empty closed bounded subsets of X. For
A, B e CB(X) and x € X, define

d(x, A) = inf d(x, a)
asd
And

H(A, B) = max {supd{a.B]. supd(b,A)}

asd beB

Note that H is called the Hausdorff metric induced by the
metric d.

Definition 1.1 4

Let X be a nonempty set. A function p: X x X — R+ is said
to be a partial metric on X if for any X, y, z € X, the
following conditions hold:

(p1) p(x, X) = p(y, y) = p(x, y) if and only if x = y;
(P2) p(x, X) < p(X, ¥);

(P3) p(x, Y) = p(y. X);

(P4) p(x, 2) < p(x, y) + p(y, 2Py, ¥)-

The pair (X, p) is then called a partial metric space.

If p(x, y) = 0, then (pl) and (p2) imply that x = y. But the
converse does not hold always. A trivial example of a partial
metric space is the pair (R+, p), where p: R+ x R+ >R+ is
defined as p(x, y) = max{x, y}.

Example 1.2 11

If X={[a,b]:a,beR,a<b},

Then

p([a, b], [c, d]) = max{b, d}—min {a, ¢} defines a partial
metric p on X.

Each partial metric p on X generates a TO topology tp on X
which has a base the family open p- balls {Bp(X, €): X € X, ¢
>0},

where

Bo(x, €) ={y € X: p(X, ¥) < p(X, X) + €}, forall x e X and ¢
>0.

Observe that a sequence {xn} in a partial metric space (X,
p) converges to a point x € X, with respect to tp, if and only

. lim p(x, Xa)

if p(x, x) = ==

If p is a partial metric on X, then the function ps: X x X
— R* given by
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PS(X, Y) = 2p(X, Y)=p(x, X)=p(y, y), defines a metric on X.

Definition 1.3 (1]

Let (X, p) be a partial metric space.

a. Asequence {Xn} in X is said to be a Cauchy sequence if
im p(Xa, Xm)

n, m—»+0mo

exists and is finite.
b. (X, p) is said to be complete if every Cauchy sequence

{xn} in X converges with respect to 1, to a point x € X

such that [P0 X =PC %) 10 his case, we say that

the partial metric p is complete.

Lemma 1.4 54

Let (X, p) be a partial metric space. Then:

a. A sequence {x,} in X is said to be a Cauchy sequence
(X, p) if and only if it is a Cauchy sequence in metric
space (X, ps).

b. A partial metric space (X, p) is complete if and only if
the metric space (X, p®) is complete. Moreover,

lile Pi(Xa, x) = 0 1ff

lim p(xp, Xw) = lm p(xp, x) = p(x, x)»
e LR s

In 2012, Aydi et al. [ defined a partial Hausdorff metric as
follows:

Let (X, p) be a partial metric space. Let CBp(X) be the
family of all nonempty, closed and bounded subsets of the
partial metric space (X, p), induced by the partial metric p.
Note that closedness is take from (X, 1), 1p is the topology
induced by p and boundedness is given as follows:

A is a bounded subset in (X, p) if there exist XoeX and M >
0 such that for all a €A, we have a eBy(xo, M), that is, p(Xo,
a) <p(a, a) + M. For A, B eCBy(X) and x €X, define

p(x, A) =inf{p(x, a), ac A},

3,(A, B)=sup{p(a, B):ac A}
and
8,(B, A)y=sup{ p(b, A): be B}.

The mapping Hp: CBA(X) x CBX) — [0, +) define by
Hp(A, B) - max{ 6P (As B)a SP (B! A)}
Hausdorff metric induced by p.

It is immediate to check that
p(x, A) =0 = p*(x, A) = 0, \yhere P’(x. A) = inf{pi(x. a). ac A}.

is called a partial

Lemma 1.5 B

Let (X, p) be a partial metric space and A any nonempty set
in (X, p), then a €A if and only if p (3, A) = p(a, ), where A
denotes the closure of A with respect to the partial metric p.
Note that A is closed in (X, p) if and only if A = A.

Now, we shall study some properties of mapping

P P
8,: CB (X) x CB (X) — [0, +x).

Proposition 1.6 1
Let (X, p)bea partial metric space.
€CBp (X), we have the following:

Forany A, B, C
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() 8,(A,A)=sup{p(a,a)ac A};

(i)  6,(A, A)<35,(A, B);

(iti)  8,(A, B) =0 implies that A ¢ B;

(iv) 8-(A,B)<38,(A,C)+38,(C,B)- iiEp(C. c).

Proposition 1.7 ¥
Let (X, p) be a partial metric space. For any A, BeCBP
(X), we have the following:

(i)  Hp(A, A) < Hy(A, B);
(i) Hy(A, B) = Hy(B, A);
(i) HyA, B)< Hy(A, C) + H,(C, B) - inf p(c, c).

Corollary 1.8
Let (X, p) be a partial metric space. For any A, B
— CBP(X), the following holds

Hp(A, B) = 0 implies that A =B.

Remark 1.9 “
The converse of Corollary 1.8 is not true in general as it is
clear from the following example.

Example 1.10 [
Let X = [0,1] be endowed with the partial metric p: X x X

—R+ defined by p(x, y) = max{x, y}. From (i) of
proposition 1.6, we have

Hy(X, X) = 5,(X, X) = sup{x:0<x < 1}=1+#0.

Remark 1.11 ¥
It is easy to show that any Hausdorff metric is a partial
metric, but the converse is not true (see example 1.10).

Definition 1.12 (1
An element x € X is common fixed point of
T. S : X CBX) 4

f: X o>Xifx=fxe Tx N Sx.

Definition 1.13 ¥

Let ®: [0,%) ~>[0,%) pe continuous (or semi continuous)
and increasing in each coordinate variable and @ (t, t, t, at,
bt) <t, for every t € [0, o), wherea+b=2anda,b {0, 1,
2}

Main Results

Lemma 2.1 ¥

Let (X, p) be a partial metric space, A, B € CBp(X) and h >
1, then, for any a € A there exist b € B such that p(a, b) <h
Ho(A, B).

Theorem 2.2

Let (X,p) be a complete partial metric space and let M, N: X
— CBP(X) be two multivalued mappings and o: [0, 1) — (0,
1] be a non increasing function defined by
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(1 r,'f05r<£,

cp(r)—i' L2
I—r if _<r<l.
L 2

If there exist re [0, 1) such that for every x, ye X, ¢(r)
min{p(x, Mx), p(y, Ny)} <p(x, y),

implies
HP(Mx, Ny) <t e {p(x, y), p(x, Mx), p(y, Ny), p(x, Ny) —
p(x, x), p(y, Mx) = p(y, y)}. 1)

Then there exists a ue X such that ue Mu NNu. (Here dis
as specified in Definition 1.13).

Proof
Let upe X be arbitrarily chosen. For all u;e Nu0, we have by
Lemmaz2.1 there exist uze Mu; such that

p(uz, uz) <h HP(Muz, Nup).

Similarly, there exist use Nu; such that p(us, u2) <h
HP(Nu2, Mul).

Continuing in this manner, we find a sequence {un} in X

such that Uzn+1€ NUuzn and Uzn+2€ Muzn+s And p(Uzn+1, Uzn) <h
HP(NUzn, Muzn, _1).

Then in either case, we have
o(r) min {p(uzn-1, MUzn_1),p(Uz2n, NU2n)} < p(U2n-1, Uzn)

This implies

Hp(Muzn -1, Nuzq) <1 @ {p(U2n -1, Uzn), P(U2n-1, Mu2n 1),
P(Uzn, NUzn),

p(UZn -1y NUZn) - p(u2n—1, U2n—l), p(UZn, Muzq —l) - p(u2n,
U2n)}

Then

P(Uzn, Uzn+1) <h Hp(Muzn -1, NUuzn), h>1

<k ®{p(Uzn-1, Uzn), P(Uzn-1, MUz2n 1), p(Uzn, NUzn), p(U2n-1,
Nuzn) = p(Uzn-1, Uzn-1), P(Uz2n, MUz 1) = p(uzn, U2n)} k=rh
<1

<k @ {p(uzn-1, Uzn), P(U2n-1, Uz2n), P(Uzn, Uzn+1), P(Uzn-1,
U2n+1) — P(Uz2n—1, U2n-1), P(Uzn, U2n) — p(Uzn, Uzn)}

<k O{p(Uzn-1, Uzn), P(Uzn—1, Uzn), P(U2n, Uz2n+1), P(Uzn -1, U2n)
+P(Uzn, Uzn+1) — P(U2n, U2n) — p(Uz2n-1, U2n-1), 0}

<k ®{p(uzn-1, Uzn), P(U2n—1, U2n), P(Uzn, Uz2n+1), P(U2n-1, U2n)
+ p(Uzn, Uz2n+1), O}

If p(Uzn, Uzn+1) > p(uzn -1, U2n), We arrive at a contradiction.
Hence p(Uzn, Uzn+1) <Pp(Uzn -1, Uzn)

and this leads to

P(Uzn, Uzn+1) <k @ {P(Uzn-1, Uz2n), P(Uzn—1, Uzn), P(U2n -1, U2n),
2p(Uzn -1, Uzn), 0}

<kp(uzn-1, Uzn).[SiNCE D (1, 1, t, at, bt) <t, te [0,00)]

That is

P(Uzn, Uzn+1) < k{p(uzn-1, Uzn). In similar manner, we have
p(U2n+2, U2n+1)5 kp(u2n + 1 U2n)-

From this, we have p(Un+1, Un)< kp(un, Un-1) for any n € N.
Thus we have

P(Un+1, Un) <K {p(uo, uy) for all n € N. 2
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Using (2) and the triangle inequality for partial metrics (p4),
for all n, me N, we have

P(Un, Unsm) £ p(un, unt+1) + p(un+1, un+m) — p(un+1, unt+1)

IA

P(Un, Un+1) + P(Un+1, Un+m)

IA

P(Un, Un+1) + P(Un+1, Uns2) + P(Un+2, Unem) — P(Un+2, Uns2)

IA

P(Un, Un+1) + P(Un+1, Un+2) + P(Un+2, Un+m).

Inductively, we have

P(Un, Un+m) < P(Un, Uns1) + P(Un+1, Uns2) + ... + P(Unem-1,
Un+m)

< k'Y{p(uo, ut) +k™{p(uo, u1) + ... + Knem-1{p(Uo, U1)

IN

KM+ k" + L+ k™M -1)p(ug, uy)

ip(u{], u)—0
1-k

1A

as n »+oo since 0 < k < 1. By the definition of ps, we get

P*(Un, Unrm) <2 p(Un, Upsm) =0

As 1= 190, which implies that {un} is a Cauchy sequence
in (X, ps). Since (X, p) is complete, by Lemma 1.4, the
corresponding metric space (X, ps) is also complete.
Therefore, the sequence {un} converges to some u € X with

respect to the metric P> Whichis p*(us, u) =0. py
Lemma 1.4, we have

lim
n—x

p(u, u) = lim p(us, u) = lim p(u,, tm) = 0.
=0 n—®

®3)

Next we prove that for any y e X — {u},
p(u, Ny) <r.max{p(u, y), p(y. Ny)},
p(u, My) <r.max{p(u, y), p(y, My)}.

sequence 1Ua}
1

Since  the converges to u, there exists

p(u, uy) < —p(u, ) for y#u and for all n = no.
noeN such that 3

We have
Q(r)p(u2n-1, Muan -1 ) < p(uzn-1, Muzn-1 ) < p(Uzn-1, U2n)

< p(u-'ﬂ— Ly u) + p(ua UZ[L) - p(ua ll)

<p(U2n-1, ) + p(u, uzn)

2 1
< ] p(y, W =p(y, w) — 3 p(y, u)

= p(y, u) — p(U2n-1, 1)

< p(uzn-1, ¥).
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Then p(ton-1, Mzn—1 ) < p(Uan-1, ¥) (4)

Now either p(Uzn -1, Muzn-1) < p(y, Ny) or p(y, Ny) < p(uzn -
1, MUz -1). In either case, by (4) and the assumption,

@(r) min {p(uzn-1, Muon-1),p(y, Ny)}<p(un-1, y).
Also we have

p(u2n ,Ny) < Hp(Muzn -1, Ny)

<1® {p(tan-1, ), p(U2n -1, Muzn 1), p(y, Ny),
p(U2n-1, Ny) = p(U2a -1, Uza- 1), P(Y, Nt2a-1) = p(y, ¥)}
<1 ® {p(tzn-1, ), p(Un-1, U2a ), P(Y, NY), p(tiza-1, Ny) —
P(U20—1, Van 1), P(Y, Un ) — P(Y, ¥)} -
Taking limit as n —oo, we have
plu, Ny) <r® {p(u, y), p(u, w), p(y, Ny), p(u, Ny) - p(u, u), p(y, w) - p(y. y)}
p(u, Ny) < r® {p(u, y), 0, p(y. Ny), p(u. Ny), p(y. u}}.
This implies that
p(u, Ny) <r p(u, y) or p(u, Ny) <r p(y, Ny)
that is p(u, Ny) < r.max{p(u, y), p(y, Ny)}

Similarly it can be shown that

p(u, My) < r.max {p(u, y), p(y, My)} 5)

Now we prove that ue Mu NNu.

LetO0=<r<

1
2 Then following three cases are to be
considered.

Case 1. Suppose u ¢ Mu and u & Nu. Let a € Nu be such that
2rp(a, u) < p(u, Nu).
Then from (5) with y = a we have

p(u, Na) < r.max{p(u, a), p(a, Na)}

p(u, Ma) < r.max{p(u, a), p(a, Ma)} ®)

Since ¢(r)p(u, Nu) < p(u, Nu) < p(u, a), we have

9(r) {p(a, Ma), p(u, Nu)} < p(u, a).

This implies

p(Ma, a) < HP(Ma, Nu)

=r® {p(a, u), p(a, Ma), p(u, Nu), p(a, Nu) — p(a, a), p(u, Ma)—p(u,u)}

<r® {p(a, u), p(a, Ma), p(u, a), p(a, a) — p(a, a), p(u, Ma)— p(u,u}}

=r® {p(a, u), p(a, Ma), p(u, a), p(a, a) — p(a, a), p(u, a) + p(a, Ma)
p(a, a) — pluu)}

<r® {p(a, u), p(a, u), p(u, a), 0, p(u, a) + p(a, u)}

=r® {p(a, u), p(a, u), p(u, a), 0, 2p(u, a)}.
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That is

p(Ma, a) < HP(Ma, Nu) < rp(a, u) < p(a, u) =p(u, Ma) <r
p(a, u). @)

Starting from (p4) using the fact that

p(Ma, Nu) = inf {p(X, y): x eMa, ye Nu}

<inf {p(x, y): X eMa} = p(Ma, a) since a e Nu and by (6)
and (7) we have

p(u, Nu) < p(u, Ma) + p(Ma, Nu)

< p(u, Ma) + HP(Ma, Nu)

<r.max{p(u, a), p(a, Ma)}+ r p(a, u)

=rp(u,a) +rp(a u)

=2rp(a, u)

<p(u, Nu)

That is a contradiction and hence u € Nu. In similar fashion,
we can show that u e Mu.

Case 2. u eMu and u ¢Nu and Case 3. u ¢ Mu and u eNu
can be similarly disposed of.

| .
Case 4. Let _<r < 1.First we proved that

2
Hp(Mx, Nu) <1 ®{p(x, u), p(x, Mx), p(u, Nu), p(x, Nu) —
p(X1 X)v p(U, MX) - p(U, U)} (8)

Assume that x # u. Then for every n €N, there exists
Zne Mx such that

1
p(u, zn) < p(u, Mx) + —p(x, w).
n

Therefore we have
p(x, Mx) < p(x, zn)
< p(x, u) + p(u, zn) - p(u, u)

< p(x, u) + p(u, Mx) + ip(x, u)

n

< p(x, v) + r. max{p(u, X), p(x, Mx)}+ 1 p(x, ).
n 9)

If max {p(u, x), p(x, Mx)} = p(u, x), then from (9) we have

p(x, Mx) < p(x,u) + 1 p(u, x) + l_p(x, u) <(l+r+ l_) p(x, u).
n n

1
— p(x Mx) < [1+—1

1+r (1+7r)n

This implies that p(x, u) and
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since o(r) = 1-r, it follow that

1
o(r) p(x, Mx) = (1-r)p(x, Mx) < ____ p(x, Mx) < [1+

1+r (1+rn

] p(x.u).

Taking limit as n— o0, we have @(r) p(x. Mx) < p(x, u) and

o(r) min {p(x, Mx), p(u, Nu)} <p(x, u).
Then from (1) with taking y = u we get (8).

Hp(Mx, Nu) < r ®{p(x, u), p(x, Mx), p(u, Nu), p(x, Nu) —
p(X, X)7 p(U, MX) —p(U, U)}

If p(u, x) < p(x, Mx), similarly proceeding we have

Hp(Mx, Nu) <1 ®{p(x, u), p(x, Mx), p(u, Nu), p(x, Nu) —
p(X, X), p(u, Mx) —p(u, u)}

Let X = Uzn+1. Then we obtain p(Uzn+2, Nu) < Hp(Muzn+1, Nu)
<1 ®{p(Uzn+1, U), P(Uzn +1, MUzn+1), p(u, Nu), p(Uzn+1, Nu) —
P(Uzn+1, Uzn+1), P(U, MUzq +1) — p(u, u)}.

Taking limit n —o0, we have

p(u, Nu) <r ®{p(u, u), p(Uzn +1, Uzn+2), P(U, NU), p(uzn+1, NU)
— p(U2n+1, U2n41),

p(U, Uzn "’2) - p(u7 U,)}

<r q){p(uv U), p(U, U), p(U, NU), p(U, NU) - p(u9 ll), p(ua u) -
p(u, u)}

<r®{0, 0, p(u, Nu), p(u, Nu), 0)}
<1 p(u, Nu).

Since r < 1, therefore p(u, Nu) = 0 = p(u, u) and hence by
Lemma 1.5, we have u e Nu. Similarly we can show that u
eMu.

Corollary 2.3

Let (X, p) be a complete partial metric space and let N: X
€ CBp(X) be a multivalued mapping. If there exist re [0, 1)
such that N satisfy the condition @(r) p(x, Nx) < p(x, V)
implies

HP(NXs NY) <r e{p(xv y)! p(X, NX)’ p(ys NY), p(X, NY) -
p(x, x), p(y, Nx) — p(y, y)}. for every x, yeX, where the
function ¢ is defined as in Theorem 2.2. Then N has a fixed
point, that is, there exist u e X such that ue Nu.

Corollary 2.4

Let (X, p) be a complete partial metric space and let N: X
—CBP(X) be a multivalued mapping. If there exist re [0, 1)
such that N satisfy the condition ¢(r) p(x, Nx) < p(x,y)
=HP(Nx, Ny) < r max{p(x, ¥), p(X, Nx), p(y, Ny)} for
every X, yeX, where the function ¢ is defined as in
Theorem 2.2. Then N has a fixed point, that is, there exist u
e X such that ue Nu.

Proof
If ®{x1, x2, x3, x4, x5} = max{x1, x2, x3}, then by using
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Corollary 2.3, we conclude that N has a fixed point.

Corollary 2.5

Let (X, p) be a complete partial metric space and let N: X
—CBP(X) be a multivalued mapping. If there exist re [0, 1)
such that N satisfy the condition ¢(r) p(x, Nx) < p(x,y)
=HP(Nx, Ny) < a p(X, y) + b p(x, Nx) + ¢ p(y, Ny) for
every X, yeX, where the function ¢ is defined as in
Theorem 2.2. Then N has a fixed point, that is, there exist u
e X such that ue Nu.

Proof

If ®{x1, x2, x3, x4, x5} =ax1 + bx2 + cx3, wherea+b + ¢
<1.Putr=a+b+c <1, then by using Corollary 2.3, we
conclude that N has a fixed point.
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