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Abstract

The concept of Differentiable multiobjective fractional programming problem under V-convex functions and some other classes

of non linear Composite problems as a special case.
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1. Introduction

In the differentiable case, Jeyakumar and Mond [®! defined a
vector invexity that avoids the major difficulty of verifying
that the inequality holds for the same function 77 for invex

functions Jeyakumar and Mond [©1 established sufficient
optimality criteria under V-pseudo invexity and obtained
duality results under these assumptions. Egudo & Hanson E!
used the concept of Zhao [ to generalize, the concept of V-
invexity of Jeyakumar and Mond [ to the non smooth case
by replacing the gradients with gradients of Clarke @ V.
Jeyakumar and Mond [ defined on generalized convex
mathematical programming. But they not consider this in
multiobjective fractional programming problem. Hence, in
this paper an attempt is mode to fill the gap in the aim of
research we extended the concept of Differentiable
multiobjective fractional programming problem under
Vector convex functions and some other classes of non linear
Composite problems as a special case.

2. Notations & Preliminaries
Consider constrained multiobjective fractional optimization
problem.

fi(x)
g;(¥) ’

RS

(VFP) V- Minimize ,
9,(x)

Subjectto h;(x) <0, j=12....... m

Where differential

f—‘:XO —R.andh;: X, »>R" are
functions and - is an open set in R". Here the symbol V-
minimize stands for vector minimization. This is the problem
of finding the set of weak minimum for points (VFP). When
P=1, the problem (VVPF) reduces to a Scalar optimization
problem and it is denoted by (FP). Convexity of the Scalar

problem (FP) is characterized by the inequalities.
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The functional form (X—a) here plays no role in
establishing the following two well-known properties in
scalar convex programming:

(s). Every feasible Kuhn - Tucker point is a global minimum
(w) weak duality holds between (FP) and its associated dual
problem. Having this in mind, considered problem (FP) for

which there exists a function 7: X_ * X_ — R" such that

G0 _fi@ 1@ o ay50

(1) -
g(® 9@ g (@)

h,()—h,@—h; (@u(x,a)=0,vx,aex..

and showed that such problems (known now as invex
problem) also. Possess properties (s) and (w). Since then,
various generalization of conditions ( | ) to multiobjective
problems and many properties of functions that satisfy (1)
have been established in the literature. However, the major
difficulty is that the invex problems require the same function

n(X, a) for the objective function and the constraints. This

requirement turns out to be a severe restriction in
applications. Because of this restriction, pseudo liner
multiobjective, problems and certain  non-linear
multiobjective fractional programming problems require
separate treatment as far as optimality and duality properties
are concerned. In this chapter we show how this situation can
be improved and how the properties (s) and (w) can be
extended to hold for generalized convex multiobjective
problems and certain multi- objective fraction problems. To
this, we modify the condition (I) in the next section as
follows:

3. New classes & generalized convex vector functions
A vector function f, ., ., issaid to be V-Convex if there
9; o

exist functions w: X, *X, —»>RP and

a,: X, *X, >R, \"% sych that for each X,a € X, ,and
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When p=1, the definition of Vector Convexity reduces to the
notion of convexity. The problem of (VPF) is said to be V-
Convex if the vector function

f
[fl,fz ...... - J&(hl,hz ....... h.)

gz gZ gp

is V- convex. Equivalently, Vector Convexity of (VFP)
means that there exists function | : X *X_ — R"and

a,B; X, *X, >R, \{0}, i=12..,p,j=12,.m
such that

00 _B@ (g 2@ g
(Vx,ae X, =:0;(X) 0@ g; (@

h,()-h,(a)-B,(x.a)h; (@) (x—2)
Let o;(x,a) =1= pg,(x,a), fori=12,..p, j=12,...,m and

p=1, the scalar problem (FP) becomes the strongly pseudo
convex programming problem.

Example 2.2.1
Consider the function Z : R" — R® defined by

f
Z(x) = (;1 ©9(X)),...,. = ((P(P(X)J

1 p

f

where i

:R" > R,i=1,2,...,pare strongly pseudo-convex

functions with real
o (x,a),0:R" > R"

positive functions

is subjective with ¢ (a) onto for
n
gach@ € R . Then, the function Z is VV-convex. To see this,

Let X,aeR"
U = ¢@(x),V = @(a),Then, by strong pseudo convexity,

fi(pe® _ fileo@ _fi(w) fi(v) (ulv)fi‘lﬂ(u —v)
9,00 0;(pp@ ;W) g (V) g; (V)

Since ¢ (@) isonto (U—V) = ¢ (a)(X—a) is solvable for
some (Xx—a) eR"

Hence

filoo®9_ filoo@, () fi)

g (pp(x) 9; (09(a) g; (V)

p(a)(x—2a)

=, (x,a)f,.¢) (@) (x—a),

Where ;i(x’ a)

=a,($(x),4(a))>0

Example 2.2

Consider the composite vector function
. f (F, (X

Z(X)= f'(Fl(X),-.., o (Fp (0 , where for each
gi(Gl(x) gp(Gp(X)

. F . . . .
1=1,2,...,p.a: X, — R is continuously differentiable and

i
pseudo linear with the possible proportional function «; (.,.)

and f, is convex. The Z is V- Convex with this
—:R—>R

follows from the following convex inequality and pseudo
linear equality conditions.

¢ RO ¢ F@ ), ¢ F@ [ R _F(@)
G/ (G G NG (X G

f(g((a))J (X a)F((E;))( a) for a

numerical example of a composite vector function, consider

simple

Z(x,,%,)= (exl’xz Mj Where

X, + X,

X, ={(x,,%,) e R?x, >1,x, >1}

We now show that the Vector Convexity is preserved under
smooth convex transformation.

4. Necessary Theorem
Theorem: Let ¥ : R — R be differentiable and convex

with positive derivative everywhere. Let P: X — R" be
V-convex. Then, the function

P,(x)= (l//(p, (X)),..l//(hp(X)), X € X_ is V-Convex

Proof: Let X,a € X_, Then from the monotonicity of 14
and Vector Convexity of P, we get

w(R (%)= w(R(@))+a(x.a)R @) (x-a)) > w(R @)+ (R(a)(x.a)P (a)(x—a)

=y(R(@)+a (xa)y-R)(a)(x—a)

Thus, P.ay(X) is V-Convex the notations of pseudo-

convexity and quasi-convexity for a scalar function can now
be extended to a vector function. A vector function
gfi ‘X > RPS said to be V-pseudo convex if there exists
functions 4,: X_*X_ — RPand g :x_ = x_such that

foreachx,a e X_,

i fi ()

I()(x a)>0:2[3 (x,a) fi(

)>ZB(

9; (X (
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f.
The vector function —- is said to be V-quasi-convex if there

g
exists functions ui X *X —>RP and
I X, *X, — R, \{O}such that for each x,a € X_,

R0 B 1o
r(x,a) == < ) r.(x,a)——~—= is inconsistent. Assume
z 9 (x) .21: 9(a)
0#x7eRP, 7,20

b, f(a)
thatz =0, for some . Suppose
g (a)
that @is not a weak minimum forL. Then there exists
g;
n X f
X, eR such that ——= fi ) fi(a ) =1, 2,...,p. Since —-

gi(x, ) (a) 9i

is V-convex, there exist ¢; (X,,a),1=12,..,p
1 (ﬂ(xo)_fi(a)j 5@ g

a(x,a) g;(x) 0@/ g(a)

s Z( T, jf.(x) fi(a) _

0.8 )o,(x) 6@
p
and hence = T-f(a) (x, —a)<0. This is a
contradiction.

5. Sufficiency theorem
Consider the multiobjective fractional problem (VFP).
Suppose that the Lagrange multiplier conditions that

2] ' m .
Sr, fi (@ +>Ah,@=0,1h,(8)=0,teR", 1%0,720,TeR™,1>0
= gi@ =

, hold at a feasible pointa € X_ . If Tli,TZL _____ o lis
% ‘9 g

V-pseudo convex with respectto # and (Ah;,.....A N, )

is V-quasi convex with respect to H then Aisa global weak

minimum point for (VFP).

Proof:- Suppose that @ is not a global minimum point. Then

there exists feasible X, € X suchthatfix.) _fi@) ,i=1,2,.,
g,(x.) 9;(@

f fi(@ . Now by the
9;(a)

p
p- So, ZB. (x., a)ri
i=1
V—pseudo

ZB (x,
convexny condition, we get

P

Zr, (a) (X, ,a) < 0. Since the Lagrangian condition

=N )

holds ata,z/”tjhj'(a)y(xo,a) >0 From the V-quasi-
j=1

convexity

Zr_j(x‘)’a)ijhj(xo)>Zr_j(xoaa)/1j this is a
=l j=1

condition, we get

contradiction, since
A4;h;(x,) <0, 4;h;(@) =0,andr;(x,,a) >0, forj =1,2,....m

6. Duality
Dual Formulation
f
V-maximize f—l(é) ...... —~() ],
gl gp

(VFD) Subject to

ir,§(§)+2xh (©)20,4,>0,7,>0,7e=1,1h,(£) >0,j=1,2,..m.

Where e= (1, 1... 1). Note that the Lagrangian conditions in
sufficiency theorem hold for (VFP) at a weak minimum point
@ under a constraint qualification and they can equivalently
be written as

p
S, ((a))+th (@=0A >0t >0,7e=1,4h,(@)=0,j=12,., m.
i=1 =1

Weak Duality Theorem: Consider the multiobjective
fractional problem (VFP) and (VFD). Let X feasible for

(VFP) and (&,7,4) be feasible for (VFD). If
Tll,tszz,---,r f is V-pseudo convex and
% ‘9 g,

(4h,,...... A 0. ) is V-quasi convex with respect to the

same H , then

ACTRAC RN S ACI AC A
0.09""5,00) e Y, &

Proof: from the

Ah,()—hh

feasibility conditions,
{(EE<0, for each j=1,2,.m. Since

r; (X, &)is positive iﬂ(x,&)[hj(x)—hj(gg]so Hence,

Sih @0, ad s e L g0 the
= T 0; (&

conclusion now follows from the V-pseudo convexity
condition since te =1andf, (X,&) > 0.

Theorem: Strong Duality Theorem

Assume that @is a weak minimum of (VFP) and that a
suitable constraint qualification is satisfied at& . Then there
exist (Z', ﬂ)such that (a, T, /1)is a feasible for (FVD).
Proof: since & is a weak minimum for (FVP) and a
constraint qualification is satisfied at &, from the Lagrangian
conditions, there exists (z, A )such that (a, 7, A )is a feasible
for (VFD). Clearly the values of (VFP) and (VFD) are equal

at &, since the objective function for both problems are the
same. By the generalized Vector Convexity hypothesis, weak

duality holds, hence if (a, 7, 4) is not a weak optimum for
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(VFD), there must exist (§,T*,/1*)feasible for (VFD),

5 #a such that

[fl(f) fp(f)JT _[fl(a) fp(a>jT cin +R",
0:)""9,6) 0. g,@

Contradicting weak duality.
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