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Abstract

In this paper, the total degree of a vertex in Alpha product of two fuzzy graphs are obtained in terms of the degree and the total
degree of vertices in the two given fuzzy graphs in some particular cases. In general, the Alpha product of two totally regular
fuzzy graphs need not be a totally regular fuzzy graph. The necessary and sufficient conditions for the Alpha product of two fuzzy
graphs to be totally regular under some restrictions are also obtained.
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1. Introduction

A fuzzy subset of a set V'is a mapping o from V'to [0, 1]. A fuzzy graph G is a pair of functions G: (o, u) where o is a fuzzy subset

of a non-empty set / and x is a symmetric fuzzy relation on o, (i.e.) u (uv) < o (1) . o (v). The underlying crisp graph of G: (o, 1)

is denoted by G*: (V, E) where E € V = V. Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Though it is very

young, it has been growing fast and has numerous applications in various fields. During the same time Yeh and Bang have also

introduced various concepts in connectedness in fuzzy graphs. Mordeson JN and Peng CS. introduced the concept of operations

on fuzzy graphs.

The operations of union, join, Cartesian product and composition on two fuzzy graphs were defined by Mordeson JN and Peng CS
21, The Regular property of fuzzy graphs which are obtained from two given fuzzy graphs using the operations union, join,
Cartesian product and composition was discussed by Nagoorgani A and Radha K. The degree of a vertex in Alpha, Beta, Gamma
Product of two fuzzy graphs was discussed by Nagoorgani A and Fathima Kani. B. In this paper we study about the total degree of
a vertex in Alpha product of two fuzzy graphs and totally Regular property of Alpha product of two fuzzy graphs.

First we go through some preliminaries which can be found in ['-,

2. Basic Definitions

Throughout this paper we assume that p is reflexive and need not consider loops. Also, the underlying set V is assumed to be finite
and o can be chosen in any manner so as to satisfy the definition of a fuzzy graph in all the examples and all these properties are
satisfied for all fuzzy graphs except null graphs.

Definition 2.1 M If u (uv) =6 (1) fo (v) for all u,v €V, then G is called a complete fuzzy graph. The Complement G* of a
graph G* also has V (G) as its point set, but two points are adjacent in G~ if and only if they are not adjacent inG*. The degree
rf-?,- E'EP:I of a vertex v in G* is the number of edges incident with v.

Definition 2.2 Bl: Let G: (o, ) be a fuzzy graph. The degree of a vertex u in G is defined by
do(w) = ) pluv) = ) uluv)
R uwd s
Definition 2.3 ) Let G: (o, ) be a fuzzy graph on G *. The fotal degree of a vertex i € V is defined by
tdg() = ) pluw) + o) = o) + olw.
W=

If each vertex of G has the same total degree k, then G is said to be a totally regular fuzzy graph of total degree k or a k-
totally regular fuzzy graph.

Notations
The relation gty %= f, means that g, () = p.(e),%¥ & € E,and ¥ & € E; where {4 is a fuzzy subset of E; and
[t is a fuzzy subset of E;.

125



Lemma 2.4 M. If Gy ¢ (&y , pty ) and G ¢ (@, M) are two fuzzy graphs such that & %= g, then
@, = Hq «The relation @ 2 @ means that & (1) == @, (¥), for every % € V; and for every ¥ € ¥y, where o; is
a fuzzy subset of V,,i=1,2.

Definition 25 [: The & —product of two fuzzy graphs G, and &; is defined as a fuzzy graph
G, Xy G = EE':I;L Xg T3l pry g f-‘:j} on G2 (V, E) where vV =Vy X Vg and
E={(tey sug Do (g oy J) frty = 0y gy € By (o) ug # w5, 007 € By (00)uyvy € By, Uiy € Ep(or)iyty &
Eywyvy € By )

With ey X, 62 = ay(u,) Aoy () Flug,u, JEV X 1

gy (uy) Apg (ugve) o tF uy = vyugvy € B

_ ) o (g Apy (wgw ], tfug = vy, u % € By

Lo ijﬁg)(&ﬂyﬂg Il j} o (ugd Ay () Ay (ugwy) tf wyvy € By ugy €6,

gy (wg) Aoy (vd Apg (ugwyd,  Of wv €6 ugw € B
Note: Throughout this paper Gy * (& » jiq )} @td G * (&g ,#z) denote two fuzzy graphs with underlying crisp graphs
G (Vi By ) and G3': (Va, E5) respectively. Let the number of vertices in V5 and V5 be p) and p, respectively.

3. Total degree of a vertex in Alpha Product of fuzzy Graphs
Forany (u,.u; J € ¥ ¥ 15,

tedg g ﬁ€“14“2}= f,{#:l. ¥ b Mgy pieg Mmy ;'ﬁ‘:}}'i" fm X Flieg,ug )
(g g D Cww gl 2 B

oy fie )} A pig G )

A

- o) A bar)+ ) e ) Ac (o) A G
by Sug o BE, wg¥aBE agugBEy
+ 7y ) Aay (o) Apg Gugee) +{a A el ) — ——(3.1)

sy Els wopn 2l
In general, the total degree of a vertex in alpha product of two fuzzy graphs need not be expressed in terms of total degree or

degree of vertices in the two given fuzzy graphs. In the following theorems, we obtain the total degree of a vertex in &, X, &;
in terms of degree and total degree of vertices in &y &nd &5 in some particular cases.

Theorem 3.1: Let Gy (&, fiq ) and g3 (@, o) be two fuzzy graphs. If @ = fig and @3 2 fiy, then
teg, x, g bbby W) = dig () + dg, (g ) + dﬁf’“:} de, () + dﬁ_{ﬂl}dﬁfﬂz Yt gy ) Aoy i),
"i".'l{j_ L= V:L and g € Vg
Proof: We have &y == iz and & 2 fy.
From (3.1), forany (u,.uy J€ V) X 15
tde, x, ol ug) = Z Hg gy ) + Z by Cag 1y )
gy = wgige S Wy T eg g WSl

+ Z by (g ) z pig Gegmy) + gy} Ay ()
u gy BBy dn o Fln gy S migug B8,
= dg fug) + dg, () + I:%_E{Hg} dg, ) + dﬁ_{uﬁdgﬁ{’ug}-i* gy by ) Aoy fug)

i, x gy g bbby i) = dg (ug) + dg (g )+ ‘iﬁ‘zﬂz} dg, () + dﬁ_{{“l}dﬁiui} + gy i) Aoy ()
Corollary 3.2: Let Gy: I:crl,jclj and Gy: Li-:rgrjcg:[ be two fuzzy graphs on complete crisp graphs ﬂf and GE respectively. If
&y & g and @5 = piy, then
mr's_ e @',,ET‘*UT‘*::I = dﬂ_(“ﬂ + d-c:,, (ugd + oy (uy) Mgy (ugl
Proof: Since both G5 and G5 are complete graphs, ﬁ:’(’uﬂ = @ and G{E;[:T#g:l ={.

Therefore Theorem 3.1 becomes,
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mr's_ g ﬁ(ﬁlrﬁzj = d-s_(“:.:] + dﬁ("-"f‘zj + g luy) Aoy (uy)

Theorem 3.3: Let Gy: (&, jt1 ) and Gy: (&g, fio) be two fuzzy graphs. If & 2= iy and &3 22 fq, then
te, xy g (W g} = teg () + teg (ug) + dggliug) dg, (uy) + dgslugddg (ug) — o) oy Gug),
Vi € 1 and g € o
Proof: From Theorem 3.1,
rdg_ e Gh{“l" 1{2} = dgh{“g} -+ I:ig_{“l} -+ dﬁ{'ﬂg} I:ilg_{“l} -+ dﬁ_{“ﬁdﬁ{“g} -+ Fl{“l} f";. =) {1{2}
=dg, () + &1 (1) + dg, (ug) + g (g + dglaeg) dg, () +
dgr (wyJdg, (uz) — &y () — & () + &, (e ) Ay (3]
= tdg lug) + tdg, (i) + t?.s_giﬂz} dg, {1y} + dﬁ_iﬂr{l}dﬁiﬂz} — aly) Ve g,
Since @ iy} Ve (i)t = @ i) + @ (un) — @ i} A Gaeal,

Corollary 3.4: Let Gy: (@, pt,) and Gy (&a, o) be two fuzzy graphs on complete crisp graphs G and G5 respectively. If
&1 = ftg and T 2= jy, then

tdg g (wy,1g) = tdg () + tdg () —ay(uy) Vay (ug)

Proof: The proof follows by substituting ﬁ:’(l‘#ﬂ = g and G{E;[:’Hg:l = @ in Theorem 3.3.

Theorem 3.5: Let Gy: (@, ft1) and Gy: (@, fio) be two fuzzy graphs such that & is a constant function with &, % giz . Then

tdg, . g (g ) = € [1+ digplug) + dgg(uddzs(ug)| + [1+ dag(ug)]dg, ()

Where ¢4 is the constant value of @y.

Proof: We have @ % fiy. Hence @y = jiy and &y = ;.
From (3.1)

Fdf-‘-_xﬁ afﬂla'ﬂ:}
= D atw
o = Bodiy BB LR

+ Z by Gy ) + Z by Gy ) + Z o () A ()
By =gl O Bgiag @y gt EER B EE aMn@ER
+ o ()

=gy (uddglug) + dg () + dglug) dg (wy) + o dglugddgelug) + oy ()
= e [14dg () +dg(udg ()| + 1+ dg@)ldg () 62

Theorem 3.6: Let Gy: (@, ft4 ) and Gy: (@, fio) be two fuzzy graphs such that & is a constant function with &, % gio . Then
tdg, x, 6 (Maottg) = €y [dg () -+ el (i Jdgs (1) — dgg(ag )]+ [L + dgg(ae)]ed,; (100)
Where ¢4 is the constant value of ;.

Proof: From (3.2),
tdg, x, 6 (tarug) = € [1+dgo(ug) + deplug)dsuy)| + [1+ dgrug)] [ed, () — o ()]

= e 1+ diga(ug) + dgg (ugddgs(u) | + [1+ dgrlug)] [od, () — €]
=6 [deplug) + dgluyddg fug) — dgglueg)] + [1 + dglug)]edg, ()

4. Totally Regular Property of Alpha product of two Fuzzy graphs

Theorem 4.1:  Let &y: [:crl,jcl;) and Gg: [:n:rg,;cg:l be two fuzzy graphs on regular graphs &, and G respectively.
Let @ & fig, Fo 2= §y and @ & F; be a constant function. Then &y X Ly is a totally regular fuzzy graph if and only
if Gyand G, are regular fuzzy graphs.
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Proof: Let oy (u) A &y(v)= ¢ ,aconstantforallu € 1} andv € 15
Suppose that G; and G, are regular fuzzy graphs of degree k4 andl k5 respectively.
By Theorem 3.1, forany (u, .y J€ V) ¥, V5.
tde, x . o by ) = dg () + dg, () + dﬁfﬂz} de, figy ) + ‘iﬁ_{“ﬂdﬁfﬂz} + e i) Ay ()

We know thatdz=(¥) = p — L — d+(¥).
Then g, x, g (i g} = dg, g + dg, (i) + [pa —1 - de faeg)] dig ey
+[p —1- dﬁ{{“ﬁ]d%{“g} + oy Gy ) A Cueg)
= g« 5'5{1{1;“2}= (22— dc{{ﬂz}]dg_{ul}'i‘ (@ — dﬁ{{“l}] :i.:,-,.i:ug}
+oyfuy ) Ay (ug) ———={4.1)
Vidg x g (U w) =R —nlk tp - nlkte
Hence &y ¥, &5 is a totally regular fuzzy graph.

Conversely, assume that & ¥ &; is a totally regular fuzzy graph.
Then for any two points (téq ) and (¥, ¥5 ) in V] X, Vs,

tdg g (g ug) = tdg g (¥, 7)
From (sh1),[ py — dg(ug)]dg (uy) + [y — dgr(uy)] dg (ug) +¢
= [p; —dg(v)]dg (v + [py— de ()] dg (v2) +¢
= [pg — dgr(ugd]dg (u) + [ oy — dgp(uy)] dg (ug)
= [y — dge (v )]dg (v + [y — dir ()] dig (w) - ———(42)
Fix % € ¥, and consider (U, o) and (2, %5 ) in V; X, V, where Ug,¥; € V; are arbitrary.
From (4.2),

[ 7y = Jdg, (W) + [ 2y — der Q)] d, (wp) = [y — 1 1dg, (W) + [ 2y — dp (w)] dg ()
= [y — dg(w)] dg (up) = [y — ()] dig ()
= dg (uy) = dg (w)

This is true for alltég, o & V5.

Thus &, is a regular fuzzy graph.

Fix ¥ € ¥ and consider (1, %} and (¥, %) in V) X, V5 where Ty, % € Vy are arbitrary.
From (4.2),

[ 2 —dge(¥)]dg (uy) + [py — m ] dg (v) = [py —dg(w)]dg (v) + [p— 1] dg (¥)
= [Py — dg(w)]dg (u) = [ py — dg(wl]dg (w)
= dg (wy) = dg ()

This is true for all Ty, & Vy .
Thus Gy is a regular fuzzy graph.

Theorem 4.2: Let Gy: (@, gty ) and Gy: (@5, g2 ) be two regular fuzzy graphs on crisp graphs G4 and G5 respectively.
Let@y == o, @y = f4 and &y & &, be a constant function. Then y X T, is a totally regular fuzzy graph if and only if
G and G5 are regular fuzzy graphs.

Proof: The proof of the theorem is similar to the proof of Theorem 4.1.

Theorem 4.3: Let Gy: (@4 ) and Gy: (@, o) be two fuzzy graphs on regular graphs Gy and G4 respectively. Let
&Fy &= fo, Ty 2 iy and & ¥ Fy be a constant function. Then &y #; &y is a totally regular fuzzy graph if and only if

Gyand G4 are totally regular fuzzy graphs.
Proof: This theorem can be proved in the same way theorem 4.1 is proved, by using the formula obtained in Theorem 3.3.

128



Theorem 4.4: Let Gy: (&, ft1) and Gg: (@5, ft5) be two totally regular fuzzy graphs on crisp graphs Gy and G5
respectively. Letey 2 fg, & = ky and @ ¥ & be a constant function. Then Ly X, &3 is a totally regular fuzzy

graph if and only if Gf and G{' are regular fuzzy graphs.
Proof: This theorem can be proved in the same way theorem 4.1 is proved, by using the formula obtained in Theorem 3.3.

Theorem 4.5: Let &y E-:Il,.jclj and Gg: E':Izr jicg:l be two fuzzy graphs on complete crisp graphs &, and &3 respectively.
Let &y =2 ftg, Ty = fiy and &y & Ty be a constant function. Then &y #; Ty is a totally regular fuzzy graph if and only
if Gyand G, are regular fuzzy graphs.

Proof: Let oy (u) A & (v)= ¢ ,a constantforallu € V, andv € 1,

Suppose that G; and G, are regular fuzzy graphs of degree k4 andl k5 respectively.

By corollary 3.2, forany (u,,u, J€ V, X, V.

mr's_ " ﬁ("-’*‘:l.r"-"f‘zj = ds_("—"f‘:.:l + dc:,,[:"-"f‘zj + ofu) Aay (ug) ———= {43}
tdg . %Eﬂlrﬂgj =k, + ky+c

Hence &y ¥, &g is a totally regular fuzzy graph.
Conversely, assume that €&, #, &; is a totally regular fuzzy graph.
Then for any two points (kq .t ) and (¥, %) in ¥y X, V.

td‘ﬁ_xﬁ ﬁ(ﬂlrﬂzj = mr's_x“ G,,E'E‘:Lr"“:j
Iig_{“l::['f' Iigh{'ug}'i' l?':_{“]_} f‘i.ﬁ'g {1{2}= Iig_{ﬁl} -+ Iig,h {ﬁg}'i" l?':_{ﬁ:_} f‘i.ﬁ'g {ﬁ‘g}— —_— {‘1".‘1:‘}

Fix % € ¥y and consider (U, Uq) and (%, 5} in ¥y X, Vi where Ug, ¥y € V; are arbitrary.
From (4.4), dg, (W + dg, () + = dg (w)+ dg,(w)+ ¢

=2 d.:.-,_ ET‘:E:[ = d@;(*‘:)
This is true for all T, ¥y € 5.
Thus &, is a regular fuzzy graph.
Fix # € ¥; and consider (4,%) and (¥, %) in ¥, ¥, V; where T, %, € V, are arbitrary.
From (4.4), dg, (1) + dg (w)+ = dg (v + dg (w)+e

= dg, () = dg, ()
This is true for all T, %y € Vy .
Thus &y is a regular fuzzy graph.

Theorem 4.6: Let Gy: (@, ft1) and Gy (@5 fo ) be two fuzzy graphs on complete crisp graphs Gy and Gf respectively. Let
Fy &= fo, Ty = Hq and &y ¥ &y be a constant function. Then &y X, Gy is a totally regular fuzzy graph if and only if

Gyand G4 are totally regular fuzzy graphs.
Proof: This theorem can be proved in the same way theorem 4.5 is proved, by using the formula obtained in Corollary 3.4.

Theorem 4.7: Let &yt E':IL,-FJ and Gyt E-:Ig,jcg:l be two fuzzy graphs on regular crisp graphs Gy and G3 respectively such that
o, is a constant function with &; %= fo . Then &y ¥, &5 is a totally regular fuzzy graph if and only if Gy is a regular fuzzy
graph.

Proof: Suppose that Gf and G{' are regular fuzzy graphs of degree #551 and k: respectively and c; be the constant value of @j.
Suppose that {7y is a regular fuzzy graph of degree 13 .

By Theorem 3.5, forany (u, g J€ V) ¥, V4.

tdg, ., g (erug) = [14 dgs(ug) + dgs(ugddzs(uy)| + [14 dig(u)]dg, ()
=1+ byt by (- 1=k )] +[14 (-1 -k

Hence & ¥, & is a totally regular fuzzy graph.
Conversely, assume that €&, #, &; is a totally regular fuzzy graph.
Then for any two points (4, ) and (¥, %5 in V) X, Vg,

129



tde g (U ug) =tdg g (v, v gives
e[l+ ky+ by (pa—1—ky J]+[1+(pp—1- kz:lds_m:}
= [14 ky+ ky (po— L=k J]+ [1+ (g, — 1 ky)dg (w)

Which implies dg, () = dg, (7, ) for any t,,%, in V. Hence G, is a regular fuzzy graph.

Theorem 4.8: Let Gy: (&, ft4 ) and Gy (&g, fo) be two fuzzy graphs on regular crisp graphs G; and G3 respectively such that
o, is a constant function with & %= fo . Theny ¥, G5 is a totally regular fuzzy graph if and only if Gy is a totally regular
fuzzy graph.

Proof: This theorem can be proved in the same way theorem 4.7 is proved, by using the formula obtained in Theorem 3.6.

5. Conclusion
In this paper, we have obtained the total degree of a vertex in {7y X5 Tz in terms of degree and total degree of vertices in

G, and G, in some particular cases. They will be helpful in studying many properties of alpha product of two fuzzy graphs. And
we have showed that the Alpha product of two totally regular fuzzy graphs need not be a totally regular fuzzy graph. We have
obtained necessary and sufficient condition for the Alpha product of two fuzzy graphs to be totally regular in some particular
cases.
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