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Abstract

In this paper, we have introduced the concept of double vertex max-fuzzy graph and complete double vertex max-fuzzy graph of a
fuzzy graph which are analogous to the concepts double vertex graph and complete double vertex graph in crisp graph theory. We
have studied the connected, effective and complete properties of these operations. We have obtained the degrees of vertices in the
double vertex max-fuzzy graph and the complete double vertex max-fuzzy graph of a fuzzy graph. Also we have provided some
examples and illustrations.
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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Later on, Bhattacharya [!! gave some remarks on fuzzy graphs.
Some operations on fuzzy graphs were introduced by Mordeson.J.N. And Peng.C.S. [?I. the conjunction of two fuzzy graphs was
defined by Nagoor Gani.A and Radha.K. 1. we defined the direct sum ), the strong product [, the lexicographic products [#],
maximal product ! of two fuzzy graphs, and the double vertex graphs of a fuzzy graph 'l and studied the properties of these
operations. In this paper, we have introduced the concept of double vertex max-fuzzy graph and complete double vertex max-fuzzy
graph of a fuzzy graph which are analogous to the concept double vertex graph and complete double vertex graph in crisp graph
theory. We have studied the connected, effective and complete properties of these operations. We have obtained the degrees of
vertices in the double vertex max-fuzzy graph and the complete double vertex max-fuzzy graph of a fuzzy graph. Also we have
provided some examples and illustrations.

First let us recall some preliminary definitions that can be found in [ 131,

A fuzzy graph G is a pair of functions (o, p) where 6 is a fuzzy subset of a non-empty set V and p is a symmetric fuzzy relation on
o. The underlying crisp graph of G :( o, ) is denoted by G* :( 'V, E) where E ¢ VxV. A fuzzy graph G :( o, n) with underlying crisp
graph G* :('V, E) is called a connected fuzzy graph if for all u, veV there exists at least one non-zero path between u and v.

A fuzzy graph G:(o, p) is called an effective fuzzy graph if p(u v) = o(u) A o(v) for all uveE and a complete fuzzy graph if p(u v)
=o(u) A o(v) for all u, veV. Therefore G is complete if and only if G is effective and G* is complete.

The degree and total degree of a vertex u of a fuzzy graph G:(o, u) with underlying crisp graph G*:(V,E) are defined by

dg(u) = z p(uv) and tdg(v) = Z p(uv)+06(u) respectively.

uveE uveE
Let G = (V, E) be a graph with order n > 2. The double vertex graph, denoted by U, (G), is the graph whose vertex set consists of
all nC; unordered pairs of V such that two vertices {x, y} and {u, v} are adjacent if and only if |{x, y}"{u, v}| =1 and if x = u, then
y and v are adjacent in G.
Let G = (V, E) be a graph with order n > 2. The complete double vertex graph, denoted by CU,(G), is the graph whose vertex set
consists of all (n+1)C; unordered pairs of V, that is, it contains all the vertices of U»(G) and all 2-element multisets of the form {a,
a}, such that two vertices {x, y} and {u, v} are adjacent if and only if |{x, y}{u, v}| =1 and if x = u, then y and v are adjacent in
G.

Notation
In a fuzzy graph G :(o,u) with underlying crisp graph G*:(V, E), the relation 6> p means that o(u) > p (uv) for every ueV and for
every uveE.

2. Double Vertex Max-Fuzzy Graph of a Fuzzy Graph

2.1. Definition

Let G :(o,u) be a fuzzy graph with underlying crisp graph G*:(V, E) of order n > 2. Define D(G):(6av, pav) on Ua(G*):(V, Eq) whose
vertex set Vg4 consists of all nC, unordered pairs of V such that two vertices {x,y} and {u,v} are adjacent if and only if
[{x,y}{u,v}|=1 and if x = u then y and v are adjacent in G such that,
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Sav({u ) = o(w) v o(u), for all {u, )} € Vay and Mo (W U s 133) =0 viuw,), Vi, w}u, v} ek,

Now ¢ (u1) v u (u2 u3) <o (W) Vo) Ao (u)]

=[o () v o (u)]Alo)vo(u)]

= ogv(U1, U2) A 0 gv(ur, us). 5
Hence pav({ur, w2} {ui, us}) < oav({ui, u2}) A cav({ui, uz}). Therefore D (G) :(odv, pav) is a fuzzy graph. This is called the double
vertex max-fuzzy graph of the fuzzy graph G.

2.2. Remark
If G:(o,u) has ‘n’ non zero vertices and ‘m’ non zero edges, then the double vertex max-fuzzy graph D(G):(cav, pav) has n(n — 1)/2
non zero vertices and m(n — 2) non zero edges.

2.3. Example
G: (o, p) D (G): (6av, pav)

uz (0.6) us (0.7) {u, u2}(0.6) {u1,u3}(0.7)

0.4 0.5

u (0.5)

Fig 1

2.4. Theorem
The double vertex max-fuzzy graph of an effective fuzzy graph is an effective fuzzy graph.

Proof

Let G :( o,1) be an effective fuzzy graph. Then p (ujuz) = 6 (u1) A 6 (u2) for all uju,€E.

Let D (G) :( odv, pav) be the double vertex max-fuzzy graph of G defied on U, (G*) :(V4, Eq). Then proceeding as in the definition,
oav({ui,u;} )=o(ui)vo(y;), for all {u,u;} €Vq4and

Md\/ ({ul s uZ} {ul s u3}) = cY(ul) \4 M(u2u3 )7 v{ul s u2} {ul’ uS} € Ed

Now o(u1) v wuz u3) = o(ui) v [o(u2) A o(uz)] = [o(ur) v o(u2)] A [o(ur) v o(us)]

= ogv({u1, u2}) A oav({u, us}).

Hence pav({u1, uz} {ur, us}) = cav({ur, u2}) A cav({u, us}). This is true for all {uy, uz} {u,us} €Eq and therefore D(G):(G4v, pav) is
an effective fuzzy graph.

2.5. Example
The following Figure-2 illustrates the theorem2.3.

G: (o, p) D (G): (6av, pav)
w2 (0.6) uz (0.8) {uy, u2}(0.6) {v1,u3}3(0.8)
0.6
0.8
0.5 0.5 0.6
u; (0.5) {u2,u3}(0.8)
Fig 2.

2.6. Theorem
The double vertex max-fuzzy graph of a connected fuzzy graph is a connected fuzzy graph.
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Proof

Let G: (o,u) be a connected fuzzy graph. Then p “(ujuz) > 0 for all uju,€E.

Let D (G): (av, [av) be the double vertex max-fuzzy graph of G defined on U, (G*): (V4, Eq).

Consider any two vertices {u, v} and {u, w} in D(G):(cav, pav).

Since G is connected, there is a path between v and w, say v =vq Vi......Vvm= W.

Then {u, v} {u, vi} {u, va}....... {U, w} is a path in D (G) and hence pa*({u, v} {u, w}) > 0 for all {u, v} {u, w} € Eq. Hence D (G)
is connected.

2.7. Example
The following Figure-2 illustrates the theorem2.5.

G: (o, ) D (G): (sav, nav)

{ur. uz}(0.8)

w(0.6)  us(0.8) gy w06 2__{uy, us}(0.5)
0.6 '
0.5 0.5
{us. 14}(0.8) {u2.u3}(0.8)
u (0.5) w(0.5) {uz. us}(0.6)

Fig 3.
2.8. Remark
The double vertex max-fuzzy graph of a complete fuzzy graph need not be a complete fuzzy graph. Consider the following fuzzy
graph G:(o,u) and its double vertex max-fuzzy graph D(G):(cav, pav) where G:(o,u) is a complete fuzzy graph and D(G):(c4v, pHav)
is not a complete one.

G: (G, “) ]v) (G): (de, lldv) {1.11,113}(0.8)

uz (0.6) 0.6 u3 (0.8)

{uz, u4}3(0.8)

Fig 4.

2.9. Remark

If G:(o,p) is a complete fuzzy graph with two vertices then double vertex max-fuzzy graph D(G):(cav, pav) is a fuzzy graph with
only one vertex.

If G:(o,) is a complete fuzzy graph with three vertices then double vertex max-fuzzy graph D(G):(Gav, pav) is also a complete fuzzy
graph with the same number of vertices and edges.

Since every complete fuzzy graph is an effective fuzzy graph, from theorem2.4, the double vertex max-fuzzy graph of a complete
fuzzy graph is an effective fuzzy graph.

3. Degree Of A Vertex In The Double Vertex Max-Fuzzy Graph

3.1. Theorem

If G:(o,) is a fuzzy graph such that 6> , then the degree of a vertex in the double vertex max-fuzzy graph D(G):(cav, pav) is
given by,

[dg.(u) —1]o(u) +[dg.(u) ~1]o(u;) if uu, eE

Ay (fup.u,}) =
P(©) 77 dge () o(u) +d(u))o(u,), if uu, ¢E
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Proof:
Let G:(o,u) be a fuzzy graph such that 6> p. This implies that 6 v p=c. Then the degree of any vertex {u, v} € Vq4is given by,

dD(G)({ui’uj}): Z “dv({uiauj}{ukauz})

{y; 7uj}{uk u,teEy

= Z o(u;)vu(uu, )+ Z o(u;) v p(uuy)

u;=uy anduju, €k uju eEandu;=u,
= D> oU)F D O(U) s (3.1)
u;=uy anduju, ek uju eEandu;=u,

By definition, when ui= uj, w# ui and when u;= w, ux # uj. Therefore when uiu; € E, (3.1) becomes,

Ay (1001 =[ dge (u) 1] o(u) +[dg. () ~ 1] o (uy)

dv LU :d « . Rk +d % . .
When uy; ¢ E, (3.1) becomes, D(G)({u' u;3) = dg. (u)o(u;) + dg. (u; ) (u,)

3.2. Example
Consider the following fuzzy graph G:(o,1) in which 6> p and its double vertex max-fuzzy graph D(G):(6av, [av).

. ]v) G): Vs v
G:(o, ) (G):(Cov, Hav) {u1u3}(0.8)

08 {u114}(0.8)

u2(0.6) w0.7)  fu;1,}(0.8)
0.5

0.4 0.4

0.5 {llsllh}(o‘?) {112,113}(0.7)

u1(0.8) u4(0.6) l{llz__ih}(Oﬁ).

Fig 5.

Now,
dg:(u,)o(u,)+dg.(u,)o(u,) - (o(u,) +o(u,)) =2(0.8) +2(0.6) - (0.8 +0.6) =1.4 = dD(G)({u1 ,U,})
A (05)5(1,) + dg. (1,)0(13) = ((1,) + 6(u3)) = 2(0.6) +2(0.7) — (0.6 +0.7) = 1.3 =, ({u,,u,})
dG*(u3) G(u1)+ dG*(ul)G(u3) = 2(0-8) + 2(0-7) =3.0= dD(G)({u1’u3})

3.3. Remark
From the above example 3.3, it is clear that if a fuzzy graph G:(o,u) is regular then its double vertex max-fuzzy graph D(G):(cav,
Hav) need not be regular.

3.4. Remark
The total degree of any vertex in the double vertex max-fuzzy graph of a fuzzy graph G:(o,p) is given by,

o ({upu )= > pe (Qupufusu ) +oy, (fu,u))

{uivuj}{uk u, teEy

= > o(u)vu(uu)+ D o(u)vu(uu,)+(o(u)vo(u))

u; = Uy anduju;eE ujueEand uj=u,
3.5. Theorem

If G:(o,u) be a fuzzy graph such that 6> p, then the total degree of a vertex in the double vertex max-fuzzy graph D(G):(cav, pav)
is given by,

th(G)({ui ) =dge(u))o(u;) +dg.(u;)o(u;) - (o(u;) A o(u)))
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Proof
Let G:(o,u) be a fuzzy graph such that 6> p. This implies that 6 v p=c. Then the degree of any vertex {u, v} € Vq4is given by,

th(G)({ui’uj}): Z “’dv({ui’uj}{uk’ué})+6dv({ui’uj})

{y ,Uj}{“ka“/}EEd

Z o(u;) v u(uu,)+ Z o(u)) v u(uu)+oy, ({u,u})

u;=u, anduju,€E uju eEandu;=u,

Z o(u;)+ Z G(uj)+0dv({ui9uj})

u;=uy anduju,eE uju eEandu;=u,

Y, o) +o()+ D o(u) +o(u)—(o(u)+o(u))+o,, ({u,u})

u;=uy and uju,eE uju eEandu;=u,

= dg.(u,)0(u,) + A (0,)0(0,) ~ (6(u,) + 0(u,) + ((u,) v o(u,)
=dg.(u))o(u;) +dg. (u)o(u;) - [(o(u;) +o(u;)) - (c(u;) v o(u;))]
=dg:(u))o(u;) +dg.(u;)o(u;) - (o(u;) Ac(u;))

3.6. Remark

In the above theorem 3.5 if uju;¢E then the total degree of the vertex {uj, u;} in the double vertex max-fuzzy graph D(G):(6av, pav)
is given by,

tdy ) (10, u3) = dge(u)o(u) +dg. (u)o(u) +(o(u;) v o(u)))

3.7. Example

Consider the fuzzy graph G:(o,p) in which 6> p and its double vertex max-fuzzy graph D(G):(6av, pav) given in example
3.2. Now,

‘[df)(G)({u1 ,u,})=2(0.8)+2(0.6)-(0.84+0.6)+ (0.8 0.6) =2.2

‘[dD(G)({u2 ,Us4)=2(0.6)+2(0.7)- (0.6 +0.7) + (0.6 v 0.7) = 2.0

th(G)({ul, u,})=dg.(u;)o(u,)+dg.(u,)o(u;) + (o(u,) vo(u,)) =2(0.8)+2(0.7)+ (0.8 0.7) =3.8

3.8. Remark

If a fuzzy graph G:(o,u) is totally regular then its double vertex max-fuzzy graph D(G):(Gqv, pav) need not be totally regular.

Consider the following fuzzy graph G:(o,t) which is totally regular and its double vertex max-fuzzy graph D(G):(cav, pav) which
is not totally regular.

G:(o,p) D (G):(6av, Hav)
u2(0.6) u3(0.7) {ur, u2}(0.8) {u1,u3}(0.8)
0.8
0.5 0.4 0.6 0.7
u1 (0.8) {u2,u3}(0.7)
Fig 6

4. Complete Double Vertex Max-Fuzzy Graph Of A Fuzzy Graph

4.1. Definition

Let G:(o,p) be a fuzzy graph with underlying crisp graph G*:(V, E) of order n > 2. Define CD(G):(Gedv, peav) on CUx(G*):(Vea,
E.q) whose vertex set V4 consists of all (n+1)C, unordered pairs of vertices in V(duplicates allowed). That is, it contains all the
vertices of U2(QG) and all 2-element multi-sets of the form {a, a}. Again two vertices {X,y} and {u,v} are adjacent if and only if
[{x,y}{u,v}|=1 and if x = u then y and v are adjacent in G such that,
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ocav ({3, uj}) = o(u) v o(uy), for all {u;, uj} € Vg and
Mgy ({up uz} {ul, u3}) = G(u,)v H(u2u3), V{u,, uz} {ul, u3} € Ecd
Now o(u;) v w(uz uz) < o(uy) v [o(u2) A o(us)]

= [o(u1) v o(u2)] A [o(ur) v o(u3)]

= Geav({U1, U2}) A Ocav({u1, us}).

Hence pea({ur, ua} {ur, us}) < oeav({u1, 2}) A oeanl({uy, us}). Therefore CD(G):(Geav, Peav) is a fuzzy graph. This is called the
complete double vertex max-fuzzy graph of G.

4.2. Remark
If G:(o,u) has ‘n’ non zero vertices and ‘m’ non zero edges, then the complete double vertex max-fuzzy graph CD(G):(Geav, Heav)
has n(n + 1)/2 non zero vertices and ‘mn’ non zero edges.

4.3. Example

G :(o, p) CD (G):(Geavs Meav)
{u1,u2}(0.6)

{ur,ul}(0.5)

u2 (0.6) us (0.4)

03 {ur, u3}(0.5)

0.4 A

(us, u3}(0.4) 5o {u2, u2}(0.6)
u (0.5) (w2, u3}(0.6)

Fig 7.

4.4. Theorem
The complete double vertex max-fuzzy graph of an effective fuzzy graph is an effective fuzzy graph.

Proof

Let G:(o,u) be an effective fuzzy graph. Then p(ujuz) = o(u;) A o(uz) for all uju,€E.

Let CD(G):(Geav, peav) be the complete double vertex max-fuzzy graph of G defied on CU»(G*):(Veq, Eca). Then proceeding as in
the definition, ceav({u;,u;j})=o(ui)vo(y;), for all {u;,uj} €Veq and

“cdv ({u19 uz} {ulﬂ uS}) = G(ul) \4 “(u2u3)a v{up uz} {up u3} € Ecd

Now o(u1) v w(uz uz) = o(u)) v [o(u2) A 6(us)] = [o(ur) v o(uz)] A [o(wr) v o(u3)]

= Geav({u1, W2}) A Ocav({ui, us}).

Hence peav({u1, 2} {ur, us}) = Geav({ur, 2}) A Gea({u1, us}). This is true for all {u;,uz} {u;,us} €Ecq and therefore CD(G):(Geav,
Ueav) s an effective fuzzy graph.

4.5. Example
The following Figure-8 illustrates the theorem4.4.

G (o, ) CD (G) :( ocdv, Beav)
{ur, u2}(0.6)
w us (0.4)
04 tw, ul}(0.5) furus}H(0.5)
0.5 0.6
{usu3}(0.4) X 56 {u2u2}(0.6)
ut (0.3) {u2,us}(0.6)

Fig 8.
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4.6. Remark

The complete double vertex max-fuzzy graph of a complete fuzzy graph need not be a complete fuzzy graph. Consider the following
fuzzy graph G:(o,u) and its complete double vertex max-fuzzy graph CD(G):(Geav, Heav) Where Gi(o,p) is a complete fuzzy graph
and CD(G):(Geqv, eav) is not a complete fuzzy graph.

G:(o, 1) CD(G):(Geavs Meav) furu2}(0.6)
0.5

u3(0.7) {ur,u1}(0.5)

0.5 0.6

{usuz}(0.7) 0 0 {u2,u2}(0.6)
{u2,u3}(0.7)

u1(0.5) 05 ux0.6)

Fig 9.

Since every complete fuzzy graph is an effective fuzzy graph, from theorem4.4, the complete double vertex max-fuzzy graph of a
complete fuzzy graph is an effective fuzzy graph.

4.7. Theorem
The complete double vertex max-fuzzy graph of a connected fuzzy graph is a connected fuzzy graph.
Proof:  The proof is similar to that of 2.6.

5. Degree Of A Vertex In The Complete Double Vertex Max-Fuzzy Graph Of A Fuzzy Graph
The degree of any vertex in the complete double vertex max-fuzzy graph CD(G):(6eav, peav) of a fuzzy graph G:(o, p) is given by,
Case (i) if izj,
dcf)((‘,)({ui7uj}): z ucdv({ui’uj}{uk’uﬁ})
{ui’uJ Huy,u,jeEy
= Z o(u;) v u(uju,)+ Z o(u;) v p(uu,)
u;=uy and uju, ek uju eEandu;=u,
Case (ii) if i=j,
dCD(G)({ui7ui}) = Z Mg, ({upud {ug,u, )
{ug,u;d{uju, beE gy
= Z o(u;) v u(uu,)
uu,eE
5.1. Theorem
If G:(o,) be a fuzzy graph such that 6> p, then the degree of a vertex in the complete double vertex max-fuzzy graph

CD(G):(Gedv, Peav) is given by,
dG*(uj)G(ui) + dG*(ui)G(uj)a ifi#]

dCb(G)({ui,uj})={dG*(ui)G(ui)ﬁ ifi=]

Proof: Let G:(o,1) be a fuzzy graph such that > p. This implies that 6 v n= o. Then to find the degree of any vertex {u;, u;}
V.4, we have the following two cases.

Case (i) if i#j,
depe(upu) = > p({uuugd o)

{ulvuj}{ukﬂuf}EECd

= z o(u;)vp(uu,)+ z o(u;) v u(uu,)

u;=uy anduju,eE vy eEandu;=u,
= ) o)+ X o)
u;=uy anduju, €k vy eEandu;=u,

= dg.(u;)o(u,) +de. (u;)o(u))
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Case (ii) if i=j,
dep((upu) = D pg, (Qupu){usu, )

{uju;t{uu deEy

= z o(u) v p(uu,)

u;u,eE

= Z o(u;)

u;u,eE

=dg.(u)o(u;)

5.2. Example
Consider the fuzzy graph G:(o,p) and its complete double vertex max-fuzzy graph CD(G):(6cdv, Jicav) given below.

G:(o, p) CD(G):(Gcavs Meav) {u1,u2}(0.6)

u3(0.7) {urui}(0.5) . ~Ju,u3}(0.7)

0.5

0.7 {u2,u2}(0.6)
u1(0.5) 04 uy0.6) tus33(0.7) e

{uz2,u3}(0.7)
Fig 10.

dg.(u,)o(u,)+dg.(u,)o(u,) =2(0.5)+1(0.6) =1.6 = dcb(G)({ul,uz})
dg.(uy)o(u,)+dg.(u,)o(u,;) =1(0.5)+1(0.7) =1.2 = dcb(G)({ul,uS})
dg.(u,)o(u,)=2(0.6)=1.2= ch(G)({uz,uz})
dg:(uy)o(u,) =1(0.7)=0.7 = dcb(G)({u3,u3})

5.3. Remark
If a fuzzy graph G:(o,p) is regular then its complete double vertex max-fuzzy graph CD(G):(Gedv, [eav) Need not be regular.

5.4. Remark

Consider the fuzzy graph G:(o,p). Then, from the definitions of the double vertex graph D(G):(c4, pa) of G, the complete double
vertex graph CD(G):(Geq,led) Of G, the double vertex max-fuzzy graph D(G):(6e4, pea) and the complete double vertex max-fuzzy
graph CD(G):(Geav, Peav), it is clear that 64 C Ged C Geav and g © pea peav. Hence D(G):(64, pa), CD(G):(Gedsbed) and D(G):(6ed, Hea)
are fuzzy sub graphs of CD(G):(Gedv, Medv)-

6. Conclusion

In this paper, we have introduced the concept of double vertex max-fuzzy graph and complete double vertex max-fuzzy graph of a
fuzzy graph which are analogous to the concept double vertex graph and complete double vertex graph in crisp graph theory. We
have studied the connected, effective and complete properties of these operations. We have obtained the degrees of vertices in the
double vertex max-fuzzy graph and the complete double vertex max-fuzzy graph of a fuzzy graph. Also we have provided some
examples and illustrations. In addition to the existing operations these operations and properties will also be helpful to study large
fuzzy graph as a combination of small fuzzy graphs and to derive its properties from those of the small ones.
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