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Abstract 
The trochoidal motion of a charged particle beam in a sector magnet, having a higher magnetic field region separated by a straight 
boundary from a lower magnetic field region, has been analyzed by simulating the desired magnetic field for trochoidal motion and 
charged particle trajectories. The trajectories have been simulated by numerically solving the equations of motion of charged particles 
in the magnetic field. A set of normalized equations of motion are formulated and numerically solved to obtain the reference 
trajectory, as well as a set of paraxial trajectories. The results show that the gradient of magnetic field near the boundary line of high-
field and low-field region appears as an alternating gradient field as far as the trochoidal orbit is concerned. In trochoidal orbit the 
charged particle beam passes the boundary in opposite directions alternatively and hence the alternating field-gradient provides 
strong focusing in the vertical direction, apart from the focusing in the horizontal direction present in conventional sector magnets. 
Using these properties of trochoidal orbits effectively a compact dispersive system with inherent strong vertical focusing can be 
devised without any separate focusing elements.  
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1. Introduction 
The motion of charged particles in presence of electro-magnetic 
force has a wide field of application, including particle 
accelerators, electron microscopes, magnetrons and klystrons, 
cathode-ray and X-ray tubes, photomultipliers and gas 
discharges. In many electromagnetic devices the distribution of 
electromagnetic field results in to complex motion of charged 
particles. Numerical simulation of the trajectories of charged 
particles is often necessary to investigate the dynamics in such 
complex field pattern. In this paper, motion of a beam of 
charged particles in an external magnetic field having step-
function distribution with straight soft-edge transition between 
the steps has been investigated using single-particle dynamics. 
In such a field configuration the chaged-particle follows a 
prolate trochoidal trajectory (figure 1a), i.e., a curve traced by a 
point in a rotating plane rigidly attached to a circle that rolls 
without slipping along a line and the point lies outside the 
circumference of the circle. The trochoidal motion of the 
charged particle beam is used in many cases, e.g., in injection 
of low energy charged-particle beam in a sector-focused 
cyclotron along the hill-valley boundary [1, 2, 3]. Similar orbit is 
observed in the 360° particle separator described by R. Perry [4, 

5], employing two immediately adjacent uniform fields of 
different strengths, which is basically used to separate different 
species of ions produced by an ion-source, e.g., H+ and H2+. It 
can be used in transport of charged particle beam and as a 
dispersive system also. 
 
2. Equations of Motion 
The equation of motion of charged particle [6, 7, 8] in 
electromagnetic field is governed by Newton’s second law ௗ௣⃗

ௗ௧
=

ሬሬሬ⃗ܨ	and Lorentz’s force equation ܨ⃗ = ሬ⃗ܧ	)ݍ + ݒ⃗ × ሬ⃗ܤ ), where ⃗݌ =
ݒ⃗݉ = ݉ ௗ௥⃗

ௗ௧
 is the momentum,	,ݍ	ݒ⃗ ,݉ and ⃗ݎ are the charge, 

mass, velocity and position vector of the particle respectively. 
In the present study electric field (ܧሬ⃗ ) is zero. In magnetic field 
ሬ⃗ܤ) ) it can be written as a set of first order differential equations 
to be solved simultaneously: 
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It is convenient to change the independent variable from time ݐ 
to the path length (ݏ) along central trajectory [7, 8].  
That means, 
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Using this transformation, equations (1) reduces to as given 
below, 
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For the sake of computational convenience, we define 
dimensionless variables 
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Then equations (2) reduce to, 
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ௗ௩೥෦
ௗ௦

= ௤
௠௩

௬ܤ௫෦ݒ) −  ௫) … (3)ܤ௬෦ݒ
To solve the above written coupled differential equations, we 
need to evaluate the term ௤

௠௩
. This term is, in fact, inverse of 

magnetic rigidity (ߩܤ) of the charged particle. This we see from 
the circular motion of charged particle in magnetic field 
satisfying the condition,௠௩

మ

ఘ
= ݌ ,.i.e ,ܤݒݍ =  is ߩ where .ߩܤݍ

the instantaneous radius of curvature. In case of low energy ion 
beam, extracted from the ion-source with voltage ௘ܸ௫௧ , we can 
use the non-relativistic equation, 
 
௠௩మ

ଶ
= 	ݍ ௘ܸ௫௧   

ݒ = (2 ∙ ߟ ∙ ௘
௠ೠ

∙ ௘ܸ௫௧)଴.ହ  
 
Where ߟ = ܳ ,is called specific charge of the ion ܣ/ܳ  is charge 
state (ݍ = ܳ݁), ݁ is electronic charge, ܣ is mass number, ݉௨ is 
average mass of a nucleon	(݉ = ௨), ௘ܸ௫௧݉	ܣ  is the extraction 
voltage of the ion source. Then, 
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 … (4) 
Here we put the following values,ܧ଴ = ݉௨ܿଶ =  ,ܸ݁ܯ	931.5
ܿ = 2.99794258 ∙ 10଼	m/sec and ௘ܸ௫௧in kV, then, 
௤
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In relativistic case, the term ௤

௠௩
 can also be represented in terms 

of kinetic energy	(ܶ), as given below. Using relativistic 
expression of total energy ܧଶ = ଶܿଶ݌ + ݉଴

ଶܿସ and	ܧ = ܶ +
݉଴ܿଶ, the momentum of the particle is 
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Dividing by mass-numberܣ, using ݉଴ܿଶ =  ଴ andܧ	ܣ
expressing energy in MeV unit, 
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Where	ܶ/ܣ is kinetic energy per nucleon in MeV? 
 
3. Magnetic Field Configuration 
The magnetic field required for a trochoidal orbit must have 
different field levels in the transverse direction. In figure (1a) 
the trochoidal motion of charged particle is shown. A magnetic 
sector (between lines AB and CD), having higher field level 
ݔ ௛௜௚௛ forܤ < 0 region (may be called ‘hill region’) and 
comparatively lower field level ܤ௟௢௪for ݔ > 0 (may be called 
‘valley region’), results in to different radius of curvatures (ݎ௛ 
and ݎ௩ respectively) for a charged particle with momentum	݌, to 
maintain	ߩܤ = ௣

௤
= constant. Thus ݎ௩ >  ௛ causes trochoidalݎ

motion. Cross-sectional schematic diagram of the magnet is 
shown in figure (1b), having a step in the pole-gap to shape the 
magnetic field like a step function with smooth-transition 
around ݔ = 0, as shown in figure (1c).  

(a)  

(b)  
 

(c)  
 

Fig 1: (a) Trochoidal trajectories of two charged particles with 
momentum ݌ and ݌ +  Schematic of a magnet with step in (b) ,݌݀
pole-gap, (c) Magnetic Field distribution having higher field level 
ݔ ௛௜௚௛ forܤ < 0 region and comparatively lower field level ܤ௟௢௪ for 

ݔ > 0 region. 
 

Such a magnet, modeled using 3D electromagnetic field 
calculation software RADIA [9, 10] is shown in figure 2 (a). 
The 3D magnetic field distribution is shown in figure 2 (b). 
Such a magnetic field has median plane symmetry, i.e., ܤ௫ =
௭ܤ = 0 atݕ = (ݕ)௬ܤ,0 = (ݕ)௫ܤ ,(ݕ−)௬ܤ =  and (ݕ−)௫ܤ−
(ݕ)௭ܤ = ௭ܤInside the magnet .(ݕ−)௭ܤ− = 0, except at the 
entry and exit. From Taylor series expansion of median plane 
field, we can write, ܤ௫(ݕ) = ௬ୀ଴(௫ܤ) + ݕ ௗ஻ೣ

ௗ௬
+⋯. Now the 

first term is zero, due to median plane symmetry. Since, ∇ ×
ሬ⃗ܤ = ܬ௢ߤ = 0 between the poles of the magnet, soௗ஻ೣ

ௗ௬
= ௗ஻೤

ௗ௫
. 

 
Hence,ܤ௫(ݕ) = ݕ ቀௗ஻೤

ௗ௫
ቁ
௬ୀ଴

 … (7a) 

Similarly, ܤ௬(ݕ) = ൫ܤ௬൯௬ୀ଴ + ݕ ௗ஻೤
ௗ௬

 

From∇.ܤሬ⃗ = 0, we get
ௗ஻೤
ௗ௬

+ ௗ஻ೣ
ௗ௫

= 0.  

Hence, ܤ௬(ݕ) = ൫ܤ௬൯௬ୀ଴ − ݕ ௗ஻ೣ
ௗ௫

 … (7b) 
These relations are used to compute the magnetic field 
components off the median plane from the median plane field 
map. 
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For ease of computation, at the median plane, i.e., atݕ = 0, the 
field can be fitted with following analytical expression, 
(ݔ)௬ܤ = ௛ܤ −

(஻೓ି஻ೡ)
ଶ

(1 + tanh(ܽ	ݔ))  
Where, ܤ௛is the field at high field region (hill), ܤ௩ is the field 
at low field region (valley), ܽ is a parameter which defines the 
field gradient at the hill-valley transition line and actually 
depends on the pole gaps in these two regions. 
The off-median plane field is given by, 
 
,ݔ)௫ܤ (ݕ = ݕ− (஻೓ି஻ೡ)

ଶ
	ܽ (sech(ܽ	ݔ))ଶ  

,ݔ)௬ܤ (ݕ = ௛ܤ −
(஻೓ି஻ೡ)

ଶ
(1 + tanh(ܽ	ݔ)) +

ଶݕ	ܽ	2 (sech(ܽ	ݔ))ଶ tanh(ܽ	ݔ) … (8) 
 

(a)  
 

(b)  
 

Fig 2: (a) Radia model of the magnet, (b) Median plane magnetic 
field distribution. 

 

 
 

Fig 3: Distribution of field off the mid-plane along 
 the x-direction for small values of y. 

 
In the high-low transition region the field gradient ቀௗ஻೤

ௗ௫
ቁ
௬ୀ଴

is 

negative, so ܤ௫(ݕ) is negative for ݕ > 0 and positive for ݕ < 0. 

So the force ܨ௬ =  ௫ is focusing (towards median plane) forܤ௭ݒ
௭ݒ > 0 and defocusing (away from median plane) forݒ௭ > 0. In 
case of trochoidal orbit, therefore, charged-particle beam 
experiences alternatively focusing and defocusing forces, hence 
causing net focusing of the beam. Beam crosses the transition 
field alternatively from one side to another, facing alternatively 
negative and positive field gradient. This alternating gradient of 
the field on the path of the beam causes net strong focusing. 
 
4. Results & Discussion 
Using the magnetic field defined above the equations of motion 
are solved to find out the trajectories down the magnet along z 
direction. Charged particle beam is injected into the low field 
region (valley), where the radius of curvature (ݎ௩) is larger, 
gradually enters in to the high field region (hill) with smaller 
radius of curvature (ݎ௛), thus following a trochoidal path within 
the magnet. 
Following are the results of ௤

௠
= 0.5, ௘ܸ௫௧ = 20kV, ߩܤ =

0.029T-m, emmittance 100-pi-mm-mrad, which is typically the 
value for a low energy beam from Electron Cyclotron 
Resonance Ion Source. Eight representative particles are chosen 
on the boundary of the phase space ellipses, as shown in figure 
4, along with the central particle.  
 

 
 

Fig 4: Beam ellipses in transverse directions at the starting point of 
tracking. Emittance is 100-pi-mm-mrad. 

 
For this beam, the radii of curvature in the ܤ௛ = 0.288 T and 
௩ܤ = 0.095 T region are ݎ௩ = 0.3 and ݎ௛ = 0.099 meters 
respectively. The central trajectories for momentum p and p+dp 
are shown in figure 5a and their separation in z direction as a 
function of path length (s) is shown in figure 5b. This shows the 
dispersive property of the system.  
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Fig 5: (a) Central particle trajectories in x-z plane (median plane of 
the magnet) for p and (p+dp). (b) Separation dz, between central 

trajectories with p and (p+dp), vs. path length s. 
 

 
 

Fig 6: Separation of central trajectories with momenta ݌ and ݌ +  ݌݀
after ݊Th turn. 

 
The separation between the central trajectories increases after 
each successive crossing of valley and hill regions, as shown in 
figure 6. Let ܴ௩ and ܴ௛ be the radii of curvature in valley and 
hill regions for particle with momentum ݌ and ܴ௩ᇱ and ܴ௛ᇱ be 
the same corresponding to momentum݌ +  After crossing .݌݀
ଵ
ସ
 ℎ of a trochoidal-turn in the valley region, at point A, theݐ

separation in ݖ-coordinate is given by, 
 
ݖ݀ = ܴ௩ᇱ − ܴ௩ = ௣ାௗ௣

௤஻ೡ
− ௣

௤஻ೡ
= ௗ௣

௤஻ೡ
  

After crossing through hill, at point B, 
ݖ݀ = (ܴ௩

ᇱ − 2ܴ௛ᇱ)− (ܴ௩ − 2ܴ௛)  
ݖ݀ = (ܴ௩

ᇱ −ܴ௩)− 2(ܴ௛
ᇱ −ܴ௛)  

ݖ݀ = ௗ௣
௤
ቀ ଵ
஻ೡ
− ଶ

஻೓
ቁ  

 
 After crossing ቀ1 + ଵ

ସ
ቁTh, i.e., at point C, 

ݖ݀ = ௗ௣
௤
ቀ ଵ
஻ೡ
− ଶ

஻೓
ቁ + 2(ܴ௩ᇱ −ܴ௩)  

 = ௗ௣
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஻೓
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௤஻ೡ
  

	= ௗ௣
௤
ቀ ଷ
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− ଶ

஻೓
ቁ  

 
In general, after ቀ݊ + ଵ

ସ
ቁTh turn, 

௡(ݖ݀) = ௗ௣
௤
ቀଶ௡ାଵ

஻ೡ
− ଶ௡

஻೓
ቁ  

௡(ݖ݀) = ௗ௣
௤
ቀ஻೓ି஻ೡ
஻ೡ	஻೓

ቁ2݊ + ௗ௣
௤஻ೡ

 … (9) 
 
It is shown by eqn. (9) that the z-separation increases with turn 
number and depends on field ratio஻೓

஻ೡ
. 

To study the beam properties, motion of the eight representative 
particles on the ellipse boundary is to be transformed in to the 
rotating coordinate fame moving along the central trajectory. 
As shown in figure 7, let ଴ܲଵ(01ݔ,01ݖ) and ଴ܲଶ(02ݖ,  be (02ݔ
two consecutive positions of the central particle on its curved 
path. Similarly, corresponding positions of another particle 
moving on a paraxial trajectory be ଵܲ(1ݔ,1ݖ) and ଶܲ(2ݔ,2ݖ). 
  

 
 

Fig 7: transformation to rotating coordinate system moving with the 
central trajectory. 

 
The rotation angle of central trajectory is 
 
 tan1ߠ = ௫଴ଶି௫଴ଵ

௭଴ଶି௭଴ଵ
 … (10) 

The position vector	ܴ1 ≡ ( ଵܺ, ଵܻ,ܼଵ) of point ଵܲ  with respect 
to rotating frame at reference particle position ଴ܲଵis 
ܴ1 = 1ݖ)} − ଶ(01ݖ + 1ݔ) − ଶ(01ݔ + −1ݕ)  ଶ}଴.ହ… (11)(01ݕ
 Hence transformed coordinate of point ଵܲ(1ݔ,1ݖ) in rotated 
coordinate system, 
 
ቀܼ1
ܺ1ቁ = ቀ cos1ߠ sin1ߠ

− sin1ߠ cos1ߠቁ ቀ
1ݖ − 01ݖ
1ݔ −  01ቁ … (12)ݔ

Similarly, transformed coordinate of point ܲ ଶ(2ݔ,2ݖ) in rotated 
coordinate system, 
 
ቀܼ2
ܺ2ቁ = ቀ cos1ߠ sin1ߠ

− sin1ߠ cos1ߠቁ ቀ
2ݖ − 01ݖ
2ݔ −  01ቁ … (13)ݔ

Slope of the arbitrary trajectory ଵܲ ଶܲሬሬሬሬሬሬሬሬ⃗  in rotating frame, 
 
tan߮ଵ = ௑మି௑భ

௓మି௓భ
 … (14) 

Using eqn. (12) and (13), we find the transverse position ( ଵܺ) 
and slope ( ଵܺ

ᇱ) of an arbitrary trajectory with respect to rotating 
frame,  
 
ଵܺ = −1ݖ	)− (01ݖ sin1ߠ + 1ݔ	) − (01ݔ cos1ߠ  
ଵܺ
ᇱ = ௑మି௑భ

௓మି௓భ
= −2ݖ	)−}] (01ݖ sin1ߠ + 2ݔ	) −

(01ݔ cos1ߠ}− −1ݖ	)−} (01ݖ sin1ߠ + −1ݔ	)
(01ݔ cos[{1ߠ	/	)}]	2ݖ − (01ݖ cos1ߠ + 2ݔ	) −
(01ݔ sin1ߠ}− 1ݖ	)} − (01ݖ cos1ߠ + 1ݔ	) − (01ݔ sin1ߠ}] 
… (15)  
 
Similarly, in (Y-Z) plane, position and slope are given by, 
ଵܻ = −1ݕ   01ݕ
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ଵܻ = ௒మି௒భ
௓మି௓భ

= {(y2 − y01) − (y1 − y01)}	/[{(z2−
z01) cos1ߠ + (x2 − x01) sin1ߠ}− {(z1− z01) cos1ߠ +
(x1 − x01) sin(16) … [{1ߠ 
 
Numerical solution of the equations involved gives the 
transverse trajectories (ݏ)ݔ and(ݏ)ݕ, as a function of path 
length(ݏ), shown in figure 8 and figure 9 respectively. It is 
evident from the figures that beam is tightly focused in both 
transverse planes. 
 

 
 

Fig 8: Horizontal trajectories for eight points on ellipse-boundary as 
a function of path length in rotated frame moving along central 

trajectory. 
 

 
 

Fig 9: Horizontal trajectories for eight points on ellipse-boundary as 
a function of path length in rotated frame moving along central 

trajectory. 
5. Conclusion 
Numerical simulation has been carried out to study the behavior 
of trajectories of the charged particle beam in trochoidal orbit. 
Mathematical formulation has been developed and detailed 
beam dynamics is investigated in the rotated co-ordinate frame 
for bunch of particles along with central trajectory. Modeling 
of a suitable magnetic system having high and low field regions 
separated by a smooth-transition boundary has also been done 
using MATHEMATICA based software RADIA. The system 
may have several advantages like, straight geometry and 
inherent strong focusing of the beam provided by the field 
gradient, which happens to be alternating as seen by the beam 
in trochoidal orbit. The system is shown to have a number of 
advantages as a compact, strong focusing, high resolving power 
and still a simple geometry. Such a system may find application 
in charged-particle beam transport or as a spectrometer. 
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