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Abstract
The main objective of this study is to introduce a new hybrid intelligent structure called rough neutrosophic sets on the Cartesian
product of two universe sets and the concept application of the same.
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1. Introduction

The rough sets theory introduced by Pawlak 2% 111 js an excellent mathematical tool for the analysis of uncertain, inconsistency and
vague description of objects. The rough sets philosophy is based on the assumption that every object of the universe is associated
with a certain amount of information. This information in the form of data is expressed by means of some attributes used for
object description. Objects having the same description are indiscernible with respect to the available information. The
indiscernibility relation thus generated constitutes a mathematical basis of the rough sets theory; it induces a partition of the
universe into blocks of indiscernible objects, which can be used to build knowledge about a real or abstract world. The basic idea
of rough set is based upon the approximation of sets by pair of sets known as lower approximation and upper approximation. Here,
the lower and upper approximation operators are based on equivalence relation. However, in many real life problems, rough set
model cannot be applied due to the restrictive condition of requirement of equivalence relation. To this end, rough set is
generalized to fuzzy environment such as fuzzy rough set, and rough fuzzy set [,

Neutrosophic sets and rough sets are two different topics, none conflicts the other. While the neutrosophic set is a powerful tool to
deal with indeterminate and inconsistent data, the theory of rough sets is a powerful mathematical tool to deal with
incompleteness. By combining the Neutrosophic sets and rough sets the rough sets in neutrosophic approximation space [ and
Neutrosophic neutrosophic rough sets 1 were introduced Multi criterion decision making (MCDM) is a process in which decision
makers evaluate each alternative according to multiple criteria. Many representative methods are introduced to solve MCDM
problem in business and industry areas. However, a drawback of these approaches is that they mostly consider the decision
making with certain information of the weights and decision values. This makes them much less useful when managing uncertain
information. To this end, multi criteria fuzzy decision making has been studied in [": 91, Several attempts have already been made to
use the rough set theory to decision support. But, in many real life problems, an information system establishes relation between
two universal sets. Multi criterion decision making on such information system is very challenging. This paper discusses how
neutrosophic rough set on two universal sets can be employed on MCDM problems for taking decisions.

2. Preliminaries
Definition 2.1 (13
A Neutrosophic set A on the universe of discourse X is defined as A = &, T_A (x),I_A (x),F_A (x))x€X, Where T,I,F:X —1-0,1+[

and “0<T,(X)+1,(X) + Fo(x)<3" ..

Definition 2.2 [*?]
Let U be any non-empty set. Suppose R is an equivalence relation over U. For any non-null subset X of U, the sets

Ai(X) = {x: [X]r< X}

Ax(X) = {x: [x]n " X= @}
are called lower approximation and upper approximation respectively of X and the pair S= (U, R) is called approximation space.
The equivalence relation R is called indiscernibility relation. The pair A(X) = (A1(X), A2(X)) is called the rough set of X in S.
Here [x]r denotes the equivalence class of R containing x.

Definition 2.3
Let U be a non-empty universe of discourse. For an arbitrary fuzzy neutrosophic relation R over UxU the pair (U, R) is called
fuzzy neutrosophic approximation space. For any AeFN(U), we define the upper and lower approximation with respect to (U,R),
denoted by R and R respectively.

R(A) = {=< x, Tgoq () I (), Fgeg (x) =/x € U}

R(A) = {<= =, TE-:A} (xjr'{E(A} (xj’FE(A} (x) = x e U}
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TEl:A:' [x] = \/ [TR (x! }Fj A TA (}:"]]

yeU

Iy () = V(2. 3) AL(V)]
Fgeg () = y/} [Fr (e ) AT, (¥)]
Tra(x) = y/} [Fr (e, ) AT, ()]
Iy () = N\ [1—Ig(x.y) AL(¥)]

yeU

Fg{A}(x:] = E[Tg{xr}’]ﬂﬁq(}’]]

The pair (R ,E] is fuzzy neutrosophic rough set of A with respect to (U,R) and E, R:FN(U)—FN(U) are refered to as upper and
lower Fuzzy neutrosophic rough approximation operators respectively.

3. Neutrosophic Rough Set on Two Universal Sets
Now, we present the definitions, notations and results of neutrosophic rough set on two universal We define the basic concepts

leading to neutrosophic rough set on two universal sets in which we denote for truth function TRN , indeterminacy |RN and falsity

function FRN for non membership functions that are associated with an neutrosophic rough set on two universal sets.

Definition 3.1 [
Let U and V be two non empty universal sets. An neutrosophic relation R from U — V is an neutrosophic set of (U x V)

characterized by the truth value function Ty, ', indeterminacy function and falsity function Fg where

Ry ={{(% ¥), Te, (%), T, (%, ¥), e, (%,¥),} [ X € U, y € V} with
0<Tg (X, ¥)+1g, (X, y)+Fg (X Yy)<3forevery (xy) e UxV.

Definition 3.2 (13
Let U and V be two non empty universal sets and RN is a neutrosophic relation from U to V. If for xeU, TRN (x,y) =0,

Ie, (X,¥)=0and F; (X,y)=1forally e V, then x is said to be a solitary element with respect to Ry, . The set of all

solitary elements with respect to the relation R\ is called the solitary set S. That is,
S={x|xeU, Ty (x,y)=0,1g (x,¥)=0,F; (x,y)=1 VyeV

Definition 3.3 13
Let U and V be two non empty universal sets and RN is a neutrosophic relation from U to V. Therefore, (U,V,R,)is called a

neutrosophic approximation space. For Y e N (V) an neutrosophic rough set is a pair (R NY , RNY ) of neutrosophic set on U

such that for every x e U.

Ru(Y) = T, , (915, , 00, Fi,  (0,) XU a

Ru(V) = {<X’Tﬁ<v> (). ey Py (X)> |xeU} (12)
Where
T ®) = V[T () AT, ()]

ey () = VIR(6y) AL(Y)]
Fre(x) = {} [Fr (. ¥) AT, (¥)]
Tra () = {} [Fe(x, ¥) AT, (3]
Iacay(x) = NM-Ig (e, ) AL ()]
Faco () = \/[Ta(6.3) AF ()]
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The pair (R, (Y), R_N(Y)) is called the neutrosophic rough set of Y with respect to (U,V, R ) where R (Y), R_N(Y) :N)

—> N(V) are referred as lower and upper neutrosophic rough approximation operators on two universal sets.

Definition 3.4
Let (U,V,R) be fuzzy approximation space over two universes and Ae N(U) .Then the («, ) -level set of lower and upper

approximations of A are defined as follows:
B(A)(a’ﬂ'y) ={y eV /TB(A)(y) = a, IB(A)(y) 2 P, FB(A)(y) <7},

Where
O<a+pf+y<3and 0< ¢, B,y <1

4. Algebraic Properties

In this section, we discuss the algebraic properties of neutrosophic rough set on two universal sets through solitary set. These are
interesting and valuable in the study of neutrosophic rough sets on two universal sets and are useful in finding knowledge from
the information system that establishes relation between two universes.

Proposition 4.1
Let U and V be two universal sets. Let R, be an neutrosophic relation from U to V and further let S be the solitary set with

respectto Ry . Then for X, Y e N(V), the following properties holds:

) Ry (=Uand R, (4)= ¢

b) IfXCY,then R_N(X) C R_N(Y) and K(X) C a(Y)

9 Ry (0=Ry @))'and Ry (0= Ry (X

d) R_N¢ D Sand R\ C S’ where S’ denotes the complement of S in U.

€) (e) Forany givenindexsetJ, Xi € N(V), Ry (UXj2 UR_NXi anda (MX)c mﬁxi

ield iel iel iel

f) Forany givenindexsetJ, X. e N(V), Ry (™ X;) =Ry X; and Ry (U X;) = Ry X,.
T el ied ield ield
Proof:
(i) First note that V is a neutrosophic set satisfying T, (x) =1, I,(x)=0and F,(x) =1 for all XeV . Thus, V can be

represented as V :{<x,1,1,0> NxeV}
Now, by definition we have
Ta (= A R, (opvT =1
ye

IE{A} (I] = /> 1_IRN (X: y)\/ Iv(y) =1
ye
Faw (%) = V1 @91 e =0

Therefore we get,

RuW) =T, 00T, (0 iy, (02U

Ry v)
= {(x110)IxeU}

Similarly, ¢ is a neutrosophic set satisfying T, (x)=0, I,(x)=1and F,(x)=0 for all XeV . Thus, ¢ can be

represented as ¢ ={<X,0,0,1> IxeV}

Now, by definition we have
Tz (x) = \/[Trlx, ¥) AT4(¥)]=0

yeVv
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I (x) = 1'*:"" [T (x,y) Aly(¥)]=0
Fgep(x) = {} [Fr (. v) AT4(v)1=1

Therefore we get,

Ru(®) :{<X’Tﬂ(¢)’ Iv) Fﬁ(¢)> |xeU}y

={(x,001)IxeU}=¢.

(i) First note that X < Y ifand only T, (X) <T, (X), I, (X) <1, (x) and F, (x) < F, (x) forall

xeV. Therefore we have
Te 0 () = A [Fr, (W) VT (V)] <

yev

A [Fr, (X, Y) VT, (V)] TRN(Y)(X)

yev

Lo, 00 (¥) = A =T XV W] < A [, 6 Y)V (D] =g, (X)

yev

FRiN(X) (X)= Vv [Te, XY AFWIZ \/ [Tr, X Y) AR (V)] = FRA(Y)(X)

Therefore, R, (X) < Ry (Y)

Similarly we have

T, m( )=y [T, VAT < v [, () AT, ] =T, (9)

0 0=V U, AL TS v/ T, (6 AL (] =1 (9
P (0= A [Fe, N VE W2 A [Fe (V) VE (W]=F ()

Therefore, RN x) < Ry M.

(i) We know that R (X)) = {< 5 (x)(X) |R (x)(x) I:R (x)(X)>/XeU} where
Te 0y = [T, AT W] =\ T, AR (W] = g x) (X)
I, (X, Y)AL=1, (V)] =1- IRA(X)(X): |R7N(x)(x)

yev

o0 X = g, K Y) AL (V)] =

yev

e (9= [Fe, (V) v Fe (] = [Fe, (6 1)V T (0] = Ty (X)

yEV

Therefore, we have

R OX) =X,y 00Ty 00,y (0} X €UY

- {<x, Fay 00 (00— g oy (9. T 0 (x)>/x cU}

indicates that (R_N(X)) = <X TRN( )(X), Ru )( ), FRN( (X),> | X € U and consequently (R_N(X)) = &(X)

Ry (X)={(x T, (g, (0. Fi () [V

Tavoy (¥ = A [Fe, (V) VT, (Y)] = A [Fe, 4 ¥) v Fe (D] =Fp oy (X)
LY VI= LW, () ALy ()]

yeVv

Loy oy ()= A L=, V)V I (W)]= A -1

= o™
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Feo 06 ()= v/ Tay (V) AFc (]2 v/ [T, ) AT (D] = Ty, ().

yeVv yev

Ry (X)) :{<X’TRN(X.)(X), !
= {<x, Fe,

—(X)

(0, 00,1 x €U

R (xy
CAFINCOR AR GHIPEY

It indicates that (&(X I))I:{<X’Tﬁ(x) (x), Imx)(x), me)(x)>/x eU%}and consequently(&(x '))I:a(X) .

(iv) First note that, ¢ is a neutrosophic set satisfying T, (x) =0, I, (x) =0 and F, (x) =1
forall X eV .Thus, ¢ can be represented as
¢={(x,001)1xeV}

Also note that, S is a solitary set. This indicates that
Therefore, we have forall X € S

Teuy ¥ = A [Fo, X VT, (NI = A [Lv0] =1

Loy ()= A =g (V) V1,(N]= A [LvO] =1
Fauy () = v/ [Te, (6 V)V F, (0] =\ [0A1] =0

Hence, itis clear that Ty () (X) 2 Tp (X, ¥) . 1g (s (¥) 2 15 (X, y) and F () (X) <Fg (X, y)for xeS.

Therefore, by proposition (i) we have R_N(¢) oS.
Similarly, by proposition (iii) we have K(X) = (RN (X '))

On taking X €V we get R_N(V): (RN (V))

But V '= ¢.Again by proposition (iv), we have R_N(¢) D S . Itimplies that &((ﬁ)) cS'.

Therefore, we get R_N(V) cS'.

(v) From the properties of union, for any index set J={1,2,3....,n}
Xic X, X, o UUXi X U X, X, cuUX;.
iel iel ield iel
Therefore, by proposition (ii) we have
R_N(Xl)gR_N(UXi)'R_N(XZ)QR_N(UXi)’ ~~~~~~~~~ R_N(Xn)gR_N(uXi)
ield ield ield
It indicates that,
u&(xi) QR_N(U X;) . ie R_N(U Xi)2 UR_N(Xi)'
iel iel iel ield

Similarly, for any index set J={1,2,3....,n}

_qugxl,_r}XigXZ,_r}Xigxg, ............ _r}Xian.
Therefore, by proposition (ii) we have
Ry (igxi) < Ry (Xy), Ry (igxi) < Ry(X3) o Ry (Ig X;) = Ry (X,)

It indicates that, K(r} X)) c N R_N(Xi).

(vi) For any index set J ={1, 2, 3,...,n}, X, € N(V),
Ru(0X))= {<x,TRN(_q TGO PP CON NP (x)>/x cU}. But,
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Tay(x0 007 A TR, (V) V Ty ()]

= A [FRN (X, y)v (Tx1 (y) /\sz %, /\Tx3 (V) A /\Txm1 (y) /\Txn (V)]

= A [Fr, () VT (DA R (G Y) VT, (W) A A (B (6 ) VT ()]

yev

:TRA(Xl)(X)ATRA(Xz)(X)A ..... ATRJ(xn)(X)
= Min{TRiN(Xl)(X)}
a0 302 A B, (6 V) ()]
= ;}/ [A—Te, YV, (DAL, (D AT (V) A Al (D AT (D]
=y/:> [A—Te, XYV I (NDAQ=Tg (6 Y)V I, (W) A AR =T (X Y) v I (V)]

= IRA(Xl) (X) A IRA(Xz)(X)A ..... A IRA(Xn)(X)
= Min{ IRA(Xl) (X)}
FRA(,Q xy () =\ [Te, (X, ) A F(_r} xy (V)]

yeVv

=\ [T, AR, (M AF ARG () A, AF (D AF ()]
=v (Mg, XY AF (V) v (Te, V) AR (V) Vv (T (X Y) AF (W))]

= FRA(Xl)(X)v FRJ(XZ)(X)V ..... Vv FRJ(XH)(X)
=Max{ Fg (x,(X)}
Again, for any index set J ={1, 2, 3..., n}, X; € N(V),

Ry (X1)={<X,TRN(X1) (9.1, (9 Fa (x),> |xeU

Ru (X)X T, 001, 00:Fi 00, [xeU

x) 0 Ruixy)

R_N(Xn)={<x,T (x),IRN(XH)(X),FRN(Xn)(x),>|XeU

Ry ()

Therefore, we have
QR_N(Xi):{<X’Min{TRN(Xn)(X)}’Min{IRN(Xn)(X)}’MaX{FRN(Xn)(X)}>|XEU
Hence, it is clear that R_N(Ig X;)= N Ry (X;).
Similarly for any index set J ={1, 2, 3,..., n}, X; € N(V),
Ry (uX))= {<x,TRN(igJXi) 001y O o, (x)>/x eU}.
Tﬁ(ig %) (X) = Max{ T§(X1) x)3
Ia(ig %) (X) =Max{ Iﬁ(xl) (x)}
Fenx) () =Min{ Fg (x,) (X)}
Again, for anylgilndex set J={1, 2, 3,...,n}, X, e N(V),
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R ()={(x Ty, 001, 00, Fiy (9 1x U
R_N(xz):{<x,T 01y, (F (x)>|Xeu
R_N(xn):{<x,T ).1a  (X).F (x)>|Xeu

Ry (x,)

" Ruxy) Ry (x,)

"Ry x) Ry (x,)

Therefore, we have
QR = xMinTy, (O} Mindly, (4} Max{Fy,  (9})[xU

Hence, it is clear that Ry (f} Xi):_r} Ry (X,).

4.2 Approximation of Classification
Definition 4.2.1

Let F = {Y1, Y2, Y5 ..., Yu}, be a family of non-empty classification of V and let R, be a neutrosophic relation from U — V.
Then the Ry -lower and Ry, -upper approximation of the family F is given as
R_N F= {R_N (Yl), R_N (Yz), R_N (Yg), ey R_N (Yn)} and

R_,F F= {K (Yo), K (Y2), a (Ya), ..., Ry (Yn)} respectively.

4.3 Measures of Uncertainty
This section introduces the concept of measures of uncertainty such as accuracy and quality of approximation employing the

neutrosophic relation Ry, . We denote the number of objects in a set V by card (V).
Let F = {Y1, Ya,..., Yo} be a family of non- empty classifications. Then the R, -lower and R, -upper approximation of the

family F are given as Ry F = {Ry (Yo, Ry (Y2, Ry (Ya) . Ry (Y} and Ry F = {Ry (Y0, Ry (v2), Ry (Ya, ...

RN (Yn)} respectively. Now we define accuracy of approximation and quality of approximation of the family F employing the

neutrosophic relation Ry, as follows:

Definition 4.3.1
The accuracy of approximation of F that expresses the percentage of possible correct decisions when classifying objects
employing the neutrosophic relation R is defined as

- anrd(R Y)f s
% (F)= anrdiR Y, ) ot

Definition 4.3.2
The quality of approximation of F that expresses the percentage of objects which can be correctly classified to classes of F by the

neutrosophic relation R is defined as

2card(R Y. )

Ve, (F)= —for|—123

card(V)

Definition4.3.3

We say that F = {Y1, Y2, Y3, ..., Ya} is Ry -definable if and only if Ry, = Ry ;thatis Ry (Yi)= Ry (Yi)fori=123...n

Definition 4.3.4
Let (U,V,R) be neutrosophic approximation space over two universes and A e N(U) The roughness measure p_(c, 3,) and

accuracy 4 (a, B, y) for neutrosophic sets A with the parameters «, 3, in (U,V,R) are defined as follows:
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‘R_N(A) (a,ﬂ,y)‘

p,(a, B, 7)=1—W-
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