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Abstract 
An integral transform is useful if it allows one to turn a complicated problem into a simpler one. The Fourier-Mellin transformation 
has applications as registration of images, watermarks, invariant pattern recognition, preprocessing of images, registration of medical 
images, the comparison of plant leaves, reconstruction of the grayscale images, detecting watermark in images regardless of the 
scaling and rotation, detection of human face etc.  
In present work we discuss about shifting operator, scaling operator and shifting-scaling operator. Also present some theorems on 
differential operator. 
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1. Introduction 
Integral transform have been successfully used for almost two centuries in solving many problems in applied mathematics, 
mathematical physics and engineering science. Fourier transform diagonalizes all linear time-invariant operators, which are building 
blocks of signal processing and many other branches The Fractional Fourier transform (FRFT) is a mathematical tool which maps a 
signal from one domain to other in image frequency Plane. The application areas for FRFT are explored in the field of 
electromagnetic wave propagation, radar communication, signal processing and image processing. Various patents were available 
in literature for the application of FRFT in radar communication, image processing, cryptography and optical focusing.  
The Mellin transform has important applications in the solution of boundary value problems in wedge shaped regions. It is also one 
of the most important methods for the study of classes of functions de_ned on the positive real line. The theory of Mellin transform 
requires the introduction of new concepts of derivative and integral, called M-derivative and M-integral [3].  
Due to shift invariant property of Fourier transform and scaled invariant property of Mellin transform, the Fourier-Mellin transform 
(FMT) is a very powerful tool in image restoration, pattern recognition. G.J. Pratt used the Fourier-Mellin transformation for the 
comparison of plant leaves [9]. J. R. Martinez-de Dios and A. Ollero discussed about a robust real-time image stabilization system 
based on the Fourier-Mellin transform. This system is capable of performing image capture-stabilization-display at a rate of standard 
video on a general Pentium III at 800 MHz without any specialized hardware and the use of any particular software platforms [5]. A 
combined Fourier–Mellin transform yields a representation of a signal that is independent of delay and scale change. Such a 
representation should be useful for speech analysis, where delay and scale differences degrade the performance of correlation 
operations or other similarity measures [2]. S. Derrode, F. Ghorbel used the approximation of Fourier-Mellin transformation for the 
reconstruction of the grayscale images [1]. A further development in the use of the Fourier-Mellin transform is its application into 
the radar classification of ships by Zwicke et al. Fourier-Mellin transform is used to identify plant leaves at various life stages based 
on the leaves shape or contour. Fourier-Mellin transform is also used in estimation of optical flow [4]. Fourier-Mellin transform used 
the for detection of watermark in images regardless of the scaling and rotation [6]. Using this transform human face also detected [7]. 
G.S. Page used this method for comparing of distorted objects [8].  
In our previous work we define some terminology [4, 10, 11] is as follows 
 
1.1 Definition of two-dimensional fractional Fourier-Mellin transform 
The two-dimensional fractional Fourier-Mellin transform with parameters α and θ of ݂ሺݔ, ,ݕ ,ݐ  ሻ denoted byݍ
2DFRFMTሼ	݂ሺݔ, ,ݕ ,ݐ  ሻሽ performs a linear operation, given by the integral transform. 2DFRFMTݍ
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1.2 The Test Function  

An infinitely differentiable complex valued smooth function	∅ሺݔ, ,ݕ ,ݐ  ሻ onݍ
nR  belongs to  nRE , if for each compact set, 

dcSJ , where 

ܵ௔,௕ ൌ ሼݔ, :ݕ ,ݔ ,௡ܴ߳ݕ |ݔ| ൑ ܽ, |ݕ| ൑ ܾ, ܽ ൐ 0, ܾ ൐ 0ሽ 
ܵ௖,ௗ ൌ ሼݐ, :ݍ ,ݐ ,௡ܴ߳ݍ |ݐ| ൑ ܿ, |ݍ| ൑ ݀, ܿ ൐ 0, ݀ ൐ 0ሽ 
∅ሺ௫,௬,௧,௤ሻሿୀ	ா,௠,௡,௞,௟ሾߛ ୱ୳୮

ೣ,೤ച಺
೟,೜ച಻

ቚୈೣ,೤,೟,೜
೘,೙,ೖ,೗∅ሺ௫,௬,௧,௤ሻቚழஶ------------------------------------------------------------------------- (3) 

Thus )( nRE will denote the space of all ∅ሺݔ, ,ݕ ,ݐ  ሺܴ௡ሻ with compact support contained inܧሻ߳ݍ
dcba SS ,,  .  

Note that the space E  is complete and therefore a Frechet space. Moreover, we say that ݂ሺݔ, ,ݕ ,ݐ   ሻ is aݍ

fractional Fourier-Mellin transformable if it is a member of E . 
 
1.3 Distributional Two Dimensional Fractional Fourier-Mellin Transform (2DFRFMT) 
The two dimensional distributional Fractional Fourier -Mellin transform of ݂ሺݔ, ,ݕ ,ݐ   ሺܴ௡ሻ can be defined by∗ܧሻ߳ݍ
,ݔሼ݂ሺܶܯܨܴܨܦ2 ,ݕ ,ݐ ሻሽݍ ൌ ,ߦఈ,ఏሺܨ ,ߟ ,ߣ ߯ሻ ൌ 〈݂ሺݔ, ,ݕ ,ݐ ,ሻݍ ,ݔఈ,ఏሺܭ ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻ〉--------------------- (4) 
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Right hand side of equation (4) has a meaning as the application of ݂ሺݔ, ,ݕ ,ݐ ,ݔఈ,ఏሺܭ ሺܴ௡ሻto∗ܧሻ߳ݍ ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻ߳ܧ. 
It can be extended to the complex space as an entire function given by  
,ݔሼ݂ሺܶܯܨܴܨܦ2 ,ݕ ,ݐ ሻሽݍ ൌ ,ᇱߦఈ,ఏሺܨ ,ᇱߟ ,ᇱߣ ߯ᇱሻ 
ൌ 〈݂ሺݔ, ,ݕ ,ݐ ,ሻݍ ,ݔఈ,ఏሺܭ ,ݕ ,ݐ ,ݍ ,ᇱߦ ,ᇱߟ ,ᇱߣ ߯ᇱሻ〉----------------------------------------------------------------------- (6)  
 
The right hand side is meaningful because for each ߦᇱ, ,ᇱߟ ,ᇱߣ ߯ᇱ߳ܥ௡, ܭఈ,ఏሺݔ, ,ݕ ,ݐ ,ݍ ,ᇱߦ ,ᇱߟ ,ᇱߣ ߯ᇱሻ߳ܧ as a function of ݔ, ,ݕ ,ݐ  .ݍ
Motivated by the above work, we have generalized two dimensional fractional Fourier-Mellin transform in the distributional sense. 
In this paper we proposed some operational calculus such as shifting operator, scaling operator and shifting-scaling operator for two 
dimensional fractional Fourier-Mellin transform. 
 
Results 
2.1] Shifting operator 
If ∅ሺݔ, ,ݕ ,ݐ ݔare real numbers then ∅ሺ ߜ	&	߬ and ܧሻ߳ݍ ൅ ߬, ݕ ൅ ,ߜ ,ݐ ݔ ,ܧሻ߳ݍ ൅ ߬ ൐ 0, ݕ ൅ ߜ ൐ 0  
where ∅ሺݔ, ,ݕ ,ݐ ሻݍ ൌ ,ݔఈ,ఏሺܭ ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻ. 
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For any x’ & y’,u,vЄܴ௡ and any fixed p & q, 0 ൏ ߙ ൑
గ
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ଶ
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Thus ∅ሺݔ ൅ ߬, ݕ ൅ ,ߜ ,ݐ ݔ ,ܧሻЄݍ ൅ ߬ ൐ 0, ݕ ൅ ߜ ൐ 0. 
 
2] Scaling operator 
If ∅ሺݔ, ,ݕ ,ݐ ߤ and ܧሻ߳ݍ ൐ ߩ	&	0 ൐ 0 then scaling operator ܴ: ܧ → ∅ܴ defined by ܧ ൌ ߮ where, 
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3] Shifting Scaling Operator 
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For any x’ & y’,u,vЄܴ௡ and any fixed p & q, 0 ൏ ߙ ൑

గ

ଶ
,	0 ൏ ߠ ൑

గ

ଶ
. 

Thus ∅ቀݔ ൅ ߬, ݕ ൅ ,ߜ
௧

ఓ
,
௤

ఘ
ቁ Єݔ ,ܧ ൅ ߬ ൐ 0, ݕ ൅ ߜ ൐ 0. 

 
Operators on the space E and its Dual space E*. 
3.1 Theorem- The operator ∅ሺݔ, ,ݕ ,ݐ ሻݍ → ,ݔ௫,௬ሾ∅ሺܦ ,ݕ ,ݐ  ሻሿ is defined on the space E and transform this space E into itself, whereݍ
∅ሺݔ, ,ݕ ,ݐ ሻݍ ൌ ,ݔఈ,ఏሺܭ ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻ. 
Proof- 
Let, ܦ௫,௬ሾ∅ሺݔ, ,ݕ ,ݐ ሻሿݍ ൌ ∅ଵሺݔ, ,ݕ ,ݐ  ,ሻݍ
We have, 
,ݔா,௠,௡,௟,௝∅ሺߛ ,ݕ ,ݐ ሻݍ ൌ sup

௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟,௝∅ଵሺݔ, ,ݕ ,ݐ  ሻหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟,௝൛ܦ௫,௬ሾ∅ሺݔ, ,ݕ ,ݐ     ሻሿൟหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠ାଵ,௡ାଵ,௟,௝∅ሺݔ, ,ݕ ,ݐ   ሻหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠ାଵ,௡ାଵ,௟,௝൛ܭఈ,ఏሺݔ, ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻൟห  

ൌ sup
௫,௬Єூ
௧,௤Єூ

ተܦ௫,௬,௧,௤
௠ାଵ,௡ାଵ,௟,௝ ൞

ටଵି௜௖௢௧ఈ

ଶగ
݁

భ
మೞ೔೙ഀ

ሾ൫௫మା௬మାకమାఎమ൯௖௢௦ఈିଶሺ௫కା௬ఎሻ

ݐ
మഏ೔ഊ
ೞ೔೙ഇ

ିଵݍ
మഏ೔ഖ
ೞ೔೙ഇ

ିଵ݁
ഏ೔

೟ೌ೙ഇൣఒ
మାఞమା௟௢௚మ௧ା௟௢௚మ௤൧

ൢተ  

 

ൌ
݉ ൅ 1
∑

ݎ ൌ 0
	
݊ ൅ 1
∑

ݏ ൌ 0
ߙݏ݋ܿݔఈሺܥ௠ାଵ,௡ାଵܥ	 െ ߙݏ݋ܿݕሻ௠ାଵିଶ௥ሺߦ െ   ሻ௡ାଵିଶ௦ߟ

݁ሺ௠ି௥ାଵሻ௨ାሺ௡ି௦ାଵሻ௩
݈
∑

݇ ൌ 0
	
݆
∑

݄ ൌ 0
݈! ݆! 	ቀ

ଶగ௜

௧௔௡ఏ
ቁ
௟ି௞ା௝ି௛

  ሻݍ௛ሺܥሻݐ௞ሺܥ

ሺlog ሻ௟ି௞ሺlogݐ ሻ௝ି௛݁ሺ௟ି௞ሻ௪ିሺ௝ି௛ሻ௭ݍ ቀ
ଵ

௧
ቁ
ଶ௟ି௞

ቀ
ଵ

௤
ቁ
ଶ௝ି௛

ܲሺߣሻܲሺ߯ሻݐ
మഏ೔ഊ
ೞ೔೙ഇ

ିଵݍ
మഏ೔ഖ
ೞ೔೙ഇ

ିଵ  

   ൏ 	∞ 
where, 

௠ାଵ,௡ାଵܥ ൌ
ሺ݉ ൅ 1ሻ!

!ݎ ሺ݉ ൅ 1 െ !ሻݎ2
	

ሺ݊ ൅ 1ሻ!
!ݏ ሺ݊ ൅ 1 െ !ሻݏ2

ሺ2݅ሻ௠ି௥ା௡ି௦ାଶ 

ఈܥ ൌ ሺܿߙݏ݋ሻ௥ା௦ሺܥଶఈሻ௠ି௥ା௡ି௦ାଶ 
ݑ ൌ ଶݔଶఈሾሺܥ݅ ൅ ߙݏ݋ଶሻܿߦ െ  ሿߦݔ2
ݒ ൌ ଶݕଶఈሾሺܥ݅ ൅ ߙݏ݋ଶሻܿߟ െ  ሿߟݕ2

ݓ ൌ ݁
గ௜

௧௔௡ఏൣ௟௢௚
మ௧൧ 

ݖ ൌ ݁
గ௜

௧௔௡ఏൣ௟௢௚
మ௤൧ 

ሻݐ௞ሺܥ ൌ
݈!

ሺ݈ െ 2݇ሻ!
	൬
1 െ ݃݋݈ ݐ
ݐ݃݋݈ݐ2

൰
௞

 

ሻݍ௛ሺܥ ൌ
݆!

ሺ݆ െ 2݄ሻ!
	൬
1 െ ݃݋݈ ݍ
ݍ݃݋݈ݍ2

൰
௛

 

For any ݔ, ,ݕ ,ݐ ሺܴ௡ሻ and any fixed m,n,,j, 0ܧЄݍ ൏ ߙ ൑
గ

ଶ
,	0 ൏ ߠ ൑

గ

ଶ
. 

∴ ∅ଵሺݔ, ,ݕ ,ݐ  ܧሻЄݍ
∴ ,ݔ௫,௬ሾ∅ሺܦ ,ݕ ,ݐ  .ܧሻሿЄݍ
 
3.2 Theorem- The operator ∅ሺݔ, ,ݕ ,ݐ ሻݍ → ,ݔ௧,௤ሾ∅ሺܦ ,ݕ ,ݐ  ሻሿ is defined on the space E and transform this space E into itself, whereݍ
∅ሺݔ, ,ݕ ,ݐ ሻݍ ൌ ,ݔఈ,ఏሺܭ ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻ. 
Proof- 
Let, ܦ௧,௤ሾ∅ሺݔ, ,ݕ ,ݐ ሻሿݍ ൌ ∅ଵሺݔ, ,ݕ ,ݐ  ,ሻݍ
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We have, 
,ݔா,௠,௡,௟,௝∅ሺߛ ,ݕ ,ݐ ሻݍ ൌ sup

௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟,௝∅ଵሺݔ, ,ݕ ,ݐ  ሻหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟,௝൛ܦ௧,௤ሾ∅ሺݔ, ,ݕ ,ݐ      ሻሿൟหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟ାଵ,௝ାଵ∅ሺݔ, ,ݕ ,ݐ   ሻหݍ

ൌ sup
௫,௬Єூ
௧,௤Єூ

หܦ௫,௬,௧,௤
௠,௡,௟ାଵ,௝ାଵ൛ܭఈ,ఏሺݔ, ,ݕ ,ݐ ,ݍ ,ߦ ,ߟ ,ߣ ߯ሻൟห  

ൌ sup
௫,௬Єூ
௧,௤Єூ

ተܦ௫,௬,௧,௤
௠,௡,௟ାଵ,௝ାଵ ൞

ටଵି௜௖௢௧ఈ

ଶగ
݁

భ
మೞ೔೙ഀ

ሾ൫௫మା௬మାకమାఎమ൯௖௢௦ఈିଶሺ௫కା௬ఎሻ

ݐ
మഏ೔ഊ
ೞ೔೙ഇ

ିଵݍ
మഏ೔ഖ
ೞ೔೙ഇ

ିଵ݁
ഏ೔

೟ೌ೙ഇൣఒ
మାఞమା௟௢௚మ௧ା௟௢௚మ௤൧

ൢተ  

 

ൌ
݉
∑

ݎ ൌ 0
	
݊
∑

ݏ ൌ 0
ߙݏ݋ܿݔఈሺܥ௠,௡ܥ	 െ ߙݏ݋ܿݕሻ௠ିଶ௥ሺߦ െ   ሻ௡ିଶ௦ߟ

 ݁ሺ௠ି௥ሻ௨ାሺ௡ି௦ሻ௩
݈ ൅ 1
∑

݇ ൌ 0
	
݆ ൅ 1
∑
݄ ൌ 0

ሺ݈ ൅ 1ሻ! ሺ݆ ൅ 1ሻ!	ቀ
ଶగ௜

௧௔௡ఏ
ቁ
௟ି௞ା௝ି௛ାଶ

  ሻݍ௛ሺܥሻݐ௞ሺܥ

ሺ݈ݐ݃݋ሻ௟ି௞ାଵሺ݈ݍ݃݋ሻ௝ି௛ାଵ݁ሺ௟ି௞ାଵሻ௪ିሺ௝ି௛ାଵሻ௭ ቀ
ଵ

௧
ቁ
ଶ௟ି௞ାଵ

ቀ
ଵ

௤
ቁ
ଶ௝ି௛ାଵ

	ܲሺߣሻܲሺ߯ሻݐ
మഏ೔ഊ
ೞ೔೙ഇ

ିଵݍ
మഏ೔ഖ
ೞ೔೙ഇ

ିଵ  

   ൏ 	∞ 
 
where, 

௠,௡ܥ ൌ
݉!

!ݎ ሺ݉ െ !ሻݎ2
	

݊!
!ݏ ሺ݊ െ !ሻݏ2

ሺ2݅ሻ௠ି௥ା௡ି௦ 

ఈܥ ൌ ሺܿߙݏ݋ሻ௥ା௦ሺܥଶఈሻ௠ି௥ା௡ି௦ 
ݑ ൌ ଶݔଶఈሾሺܥ݅ ൅ ߙݏ݋ଶሻܿߦ െ  ሿߦݔ2
ݒ ൌ ଶݕଶఈሾሺܥ݅ ൅ ߙݏ݋ଶሻܿߟ െ  ሿߟݕ2

ݓ ൌ ݁
గ௜

௧௔௡ఏൣ௟௢௚
మ௧൧ 

ݖ ൌ ݁
గ௜

௧௔௡ఏൣ௟௢௚
మ௤൧ 

ሻݐ௞ሺܥ ൌ
݈!

ሺ݈ െ 2݇ሻ!
	൬
1 െ ݃݋݈ ݐ
ݐ݃݋݈ݐ2

൰
௞

 

ሻݍ௛ሺܥ ൌ
݆!

ሺ݆ െ 2݄ሻ!
	൬
1 െ ݃݋݈ ݍ
ݍ݃݋݈ݍ2

൰
௛

 

For any ݔ, ,ݕ ,ݐ ሺܴ௡ሻ and any fixed m,n,l,j, 0ܧЄݍ ൏ ߙ ൑
గ

ଶ
,	0 ൏ ߠ ൑

గ

ଶ
. 

∴ ∅ଵሺݔ, ,ݕ ,ݐ  ܧሻЄݍ
∴ ,ݔ௧,௤ሾ∅ሺܦ ,ݕ ,ݐ  .ܧሻሿЄݍ
 
Conclusion 
In this paper we discussed on shifting operator, scaling operator and shifting-scaling operator. of two dimensional Fourier-Mellin 
transform. 
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