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Abstract

An integral transform is useful if it allows one to turn a complicated problem into a simpler one. The Fourier-Mellin transformation
has applications as registration of images, watermarks, invariant pattern recognition, preprocessing of images, registration of medical
images, the comparison of plant leaves, reconstruction of the grayscale images, detecting watermark in images regardless of the
scaling and rotation, detection of human face etc.

In present work we discuss about shifting operator, scaling operator and shifting-scaling operator. Also present some theorems on
differential operator.
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1. Introduction

Integral transform have been successfully used for almost two centuries in solving many problems in applied mathematics,
mathematical physics and engineering science. Fourier transform diagonalizes all linear time-invariant operators, which are building
blocks of signal processing and many other branches The Fractional Fourier transform (FRFT) is a mathematical tool which maps a
signal from one domain to other in image frequency Plane. The application areas for FRFT are explored in the field of
electromagnetic wave propagation, radar communication, signal processing and image processing. Various patents were available
in literature for the application of FRFT in radar communication, image processing, cryptography and optical focusing.

The Mellin transform has important applications in the solution of boundary value problems in wedge shaped regions. It is also one
of the most important methods for the study of classes of functions de_ned on the positive real line. The theory of Mellin transform
requires the introduction of new concepts of derivative and integral, called M-derivative and M-integral (1.

Due to shift invariant property of Fourier transform and scaled invariant property of Mellin transform, the Fourier-Mellin transform
(FMT) is a very powerful tool in image restoration, pattern recognition. G.J. Pratt used the Fourier-Mellin transformation for the
comparison of plant leaves V). J. R. Martinez-de Dios and A. Ollero discussed about a robust real-time image stabilization system
based on the Fourier-Mellin transform. This system is capable of performing image capture-stabilization-display at a rate of standard
video on a general Pentium III at 800 MHz without any specialized hardware and the use of any particular software platforms 1. A
combined Fourier—Mellin transform yields a representation of a signal that is independent of delay and scale change. Such a
representation should be useful for speech analysis, where delay and scale differences degrade the performance of correlation
operations or other similarity measures 2. S. Derrode, F. Ghorbel used the approximation of Fourier-Mellin transformation for the
reconstruction of the grayscale images [!. A further development in the use of the Fourier-Mellin transform is its application into
the radar classification of ships by Zwicke et al. Fourier-Mellin transform is used to identify plant leaves at various life stages based
on the leaves shape or contour. Fourier-Mellin transform is also used in estimation of optical flow . Fourier-Mellin transform used
the for detection of watermark in images regardless of the scaling and rotation [/, Using this transform human face also detected [7).
G.S. Page used this method for comparing of distorted objects [*.

In our previous work we define some terminology [ 1% 1 is as follows

1.1 Definition of two-dimensional fractional Fourier-Mellin transform
The two-dimensional fractional Fourier-Mellin transform with parameters o and 6 of f(x,y,t,q) denoted by
2DFRFMTY f(x,y,t,q)} performs a linear operation, given by the integral transform. 2DFRFMT

{fey. 6} =Foo@EmA) =" [0 [ J FCuy,t, @Kep(x,y,t,,¢,1, 4, Y)dxdydtdg--—- (1)
where Koo 6,6, 0, Em A x) = ’1—;::1&:1 eZSilna[(xZ+y2+§2+n2)cosa—2(x$+y11) t%—lq%—let;ﬁe[lz+xz+log2t+log2q]

=C eiCza[(xz+y2+§2+n2)cosa—2(x€+yn)tclgiA—lqclgix—leclgi[lz+x2+log2t+log2q]
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1.2 The Test Function

An infinitely differentiable complex valued smooth function @(x,y,t,q) on R" belongs toE(Rn), if for each compact set,
JcS,., where

Sap ={x,y:x,y€R™ |x| < a,|y| £ b,a > 0,b > 0}

Sca ={t,q:t,qeR™ [t| < c,|ql < d,c > 0,d > 0}

YEmn kil 0Gey.a)l=sup [DT5L0(x,y,6.0)| <o )
x,yel o

tqej

Thus E (R ") will denote the space of all @(x, y, t, q)eE (R™) with compact support contained in § 2o NS y-

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f(x,y,t,q) is a

fractional Fourier-Mellin transformable if it is a member of E .

1.3 Distributional Two Dimensional Fractional Fourier-Mellin Transform (2DFRFMT)
The two dimensional distributional Fractional Fourier -Mellin transform of f(x, y,t, q)eE*(R™) can be defined by
2DFRFMT{f (x,y,t, @)} = Fog(§,m, 4, x) = {f(,7,t,q), Koo (%, ¥, , 4, &, 1, A, X))-mmmrmmmmmmmmmmemnnae @)

1-icota —L [(Xz+y2+$2+7]2)cosa—2(x$+yn)tznm 2miy

where, Ka,B (x’ v, tq, E' 7, A, X) = ’T ez2sina sin qsinEI_

16%[/12 +x2%+log?t+log?q|

=C eicza[(x2+y2+§2+n2)cosa—2(x€+yn)tclgia—lqclgix—leClgi[12+x2+log2t+log2q]
a
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where C;, =

2

Right hand side of equation (4) has a meaning as the application of f (x,y,t,q)€eE"(R™)to K, g(x,¥,t,q,&,1, 4, x)€E.
It can be extended to the complex space as an entire function given by

2DFRFMT{f (x,y,t, @)} = Fuo (§", 1", X, ")

=y, t,9) Kap(x,y,t,4,$" 0, 4, X)) (6)

The right hand side is meaningful because for each &',n', ', x'eC™, K, g(x,y,t,q,&",1', X', x')€E as a function of x, y,t, q.
Motivated by the above work, we have generalized two dimensional fractional Fourier-Mellin transform in the distributional sense.
In this paper we proposed some operational calculus such as shifting operator, scaling operator and shifting-scaling operator for two
dimensional fractional Fourier-Mellin transform.

Results

2.1] Shifting operator

If @(x,y,t,q)eE and T & § are real numbers then @(x + 7,y + 6,t,q)€EE, x + 7> 0,y + 5 >0
where @(x,y,t,q) = Ko (x,¥,8,4,$,1,4, X).

Proof:-
Consider, '
YEmn1jO(x + T,y +6,t,q) = 31;8|D;”y”thl O(x+1,y+6,¢t q)|
) t,q€l
= 3;18|D;73}7,l£,l,}]1<a,9(x +T,y+6,64Em40)|
t,q€l

= Yo X CrunCol(x 4+ T)cosa — 1™ [(y + 8)cosa — n]™ ™% g (m-ru+(n-s)v
. l—k+j-h

l
) GG Uogt)H(logg) ez
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I tan6
h=0
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t
<

m! n!
where, Cy,, , =

ri(m-2r)! s!(n-2s)!
C, = Cosa,r+5(62a)m—r+n—s
u = iChnf{[(x + 1)% + &?]cosa — 2(x + T)&}
v = iCou{[(y + 8)* +n?]cosa — 2(y + &)n}

1 [1-logt]®
G = 1-2k)! [Ztlogt] ’

j! 1-—logq h

(G —2h)!L 2qlogq

(Zi)m—r+n—s

Cr(q) =
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For any X’ & y’,u,VER™ and any fixedp & Q,0 < a < g, 0<o< %
Thus @(x + 7,y + 6,t,Q)EE, x+ 7> 0,y + 6 > 0.

2] Scaling operator
If@(x,y,t,q)eE and > 0 & p > 0 then scaling operator R: E — E defined by R@ = ¢ where, iga(x, v, t,q) = 0(x,y, ut, pq) is
a topological automorphism.

Proof:-
Consider,

t q (1 t q
om0 (1359) = sp o2 (o e . )

u p x,yEI

t,q€l
= sup |D™™H {K 0 (x y,5,2 &m, A )()}|
= .
x,y€l xy,t.q Pyt
t,q€l

= BT S0 i Calcosa — €127 [ycosq — )28 e(nrurtn-s)v

Zk:o Z{;:o oy ( 2 )l_k+j_h Cy (i) Cy (%) (log i)l_k (log %)h_j e(=Kw+(j—h)z

tanb
2l-k 2h—j 21 2mi
(ﬁ) <B> PP (y)tsimd L qsin
t q ! |
where, Cppp = —— T (2i)m-rHn-s

ri(m-2r)! sl(n-2s)!
Ca — Cosar+S(C2a)m—r+n—s

u = iCoe{[(x)* + §*]cosa — 2(x)&}
v = iC{[(¥)? +n*]cosa — 2(y)n}

tk
o
k\7) = Tt >
1=2k)! | 2= —
u ( ) 2 log,;

1-1ogq]"
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p G-2m'291,42
p9p

< o0
For any X’ & y’,u,VER™ and any fixedp & Q,0 < a < g, 0<6<

Thus(b(x,y,i,%)EE,x+r> 0,y +68>0.

N

3] Shifting Scaling Operator

If @(x,y,t,q)eE and 1, 8, 1 & p are real numbers then @ (x +1,y+ 6,%,%) eE,x+1>0,y+6> 0,% >0& % > 0 then scaling
operator R: E — E defined by R® = ¢

where, i o(x,y,t,q) =0(x+1,y+ 6, ut, pq) is a topological automorphism.

Proof:-
Consider,

t q il tq
1) (x, ,—,—) = sup Dy {—¢<x+f, +5,—,—)}|
VEmnt BB Y ) T 2y e Gp Y

t,q€l
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t,q€l
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For any X’ & y,uVER™ and any fixed p & 0,0 <a <%,0 < 6 <

Thus@(x+r,y+6,£,%)€E,x+r>0,y+6>0.

B

Operators on the space E and its Dual space E”.
3.1 Theorem- The operator @(x, y,t,q) = D, [D(x,y,t,q)] is defined on the space E and transform this space E into itself, where

O, y,t,q) = KaoCx,y,t,q,&E,10,4, %).

Proof-
Let’ Dx,y[q)(xt y’ t’ Q)] = Ql(x’ y; t; Q),
We have,
nlj
YE,m,n,l,jw(x' Y, t, CI) = fgg'Dzyﬁ‘qJ ®1 (x, v, t, CI)|
t:q€1
nlj

= sup| D7yt Dy [0Cx vt DI

x,yEI

t,q€l ]
= su Dm+1,n+1,l,]o X, V,t,

x,y€1p| x,y,t.q ( y Q)|

t,q€l

1, 1,Lj

= sup|Dyy (Koo (x,y,1,,6,m,4, 1))

x,yEI

t,q€l

1-icota %[(xz+y2+52+r]2)cosa—2(xf+yr])

_ m+1,n+1,1l,j . ezsina
—x;ng Dx,y,t,q 2miA 2miy i a2, 2 2 2

t.q€l toms L qsing etanglt +A*+log*t+loga]

m+1ln+1
= L % CuramerCalrcosa — )™ (ycosa — )
r=0s=0 ]

(m-r+1)u+(n-s+1)v : J . 2mi \lk+i—h

e >z () Ce(Ch(@)
k=0h=0 2l-k 2j—h
. . - J— 2TiA 2miy
(log &)!~*(log q)I~"eCtw=U=mz (1) 7 (1) 7 PP (tsma ™ gmd !
< oo
where,
(m+ 1)! (n+1)!

c _ 2i m-r+n—s+2
m+1in+1 rl (m +1— 27')' sl (n +1— ZS)'( l)
Ca — (Cosa,)r+5(C2a)m—r+n—s+2
U = iChu[(x? + E¥)cosa — 2x¢&]
v = iChu[(¥? + n?)cosa — 2yn]
Tl 2
W= em[log t]

i
7z = etane[wgzq]

! 1—logt k
G® =201 ( 2tlogt )
! (1 —log q)h
Cn(@) = (G —2n)! \ 2qlogq

For any x,y,t, qEE(R™) and any fixed m,n,,j, 0 < a < g, 0<o< %

Ql (x' Y t, CI)EE
“ Dyy[®(x,y,t,@)1EE.

3.2 Theorem- The operator @(x, y,t,q) = Dy 4[@(x,y,t, q)] is defined on the space E and transform this space E into itself, where

Q)(x! Y, t, q) = Ka,G(x! Y, t, q, E' n A')()
Proof-

Let, Dy q[0(x,y,t, )] = B:(x, ¥, t,9),
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We have,
_ mmn,l,j
Vemni @&, ¥,t,q) = sup |Dyy 0.y, t, @)
xy
t,q€l

_ mn,l,j
= sup|Dytq (Deq [0y, 6 )]

t,q€l
_ mn,l+1,j+1
= sup|DyE, 0y, 6 )

t,q€l

mn,l+1,j+1

= sup|DEyL  {Kao (vt 0.60m 40}

t,q€l

' 1-i50t“eZsilna[(xz+y2+$2+n2)cosa—2(xf+y17)
= sup Dm,nt,l+1,]+1 2
ERAR . . .
f?{g t%— q%— et:;9[12+)(2+log2t+log2q]
m n
= Y X CpnCo(xcosa— &)™ 2" (ycosa — )2
r=0s=0 )
(-)+(—)l+1]+1 . 2mi \lTk+i—h+2
eIV g e (1 DG+ D! () Ce(O)Ch(q)
k=0h=0
X X 1 2l-k+1 1 2j—h+1 ﬂ—l ﬂ—l
(logt)l—k+1(logq)]—h+1e(l—k+1)W—(1—h+1)Z (?) (;) P(A)P(x)tsme Lqsime
< o

where,
C = m! n! (Zi)m—r+n—s

™l (m = 2r)! sl (n — 2s)!

Ca — (Cosa)T+S(C2a)m—T+n—S

U = iChq[(x? + EF)cosa — 2x€]

v = iCyq[(y* + n?)cosa — 2yn)]
i 2

w = etanB[wg t]

i
7z = etane[wgzq]

l 1—logt k
GO = T2 ( 2tlogt )
_ j! (1 —log q)h
Cn(@) = (G —2m)! \ 2qlogq

For any x,y,t, qEE(R™) and any fixed m,n,l,j, 0 < a < %, 0<o< %

~0,(x,y,t,qQEE
“ Degl@(x,y,t,)]EE.

Conclusion
In this paper we discussed on shifting operator, scaling operator and shifting-scaling operator. of two dimensional Fourier-Mellin
transform.
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