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Abstract 
The notion of complex-valued metric spaces was introduced by Azam et al. He introduced the new concept 

and established a common fixed point result in the context of complex-valued metric spaces. In this paper, 

we have tried to prove a common fixed point theorem for weakly compatible mappings in complex valued 

metric spaces taking an identity function. Our results generalize some recent result in the literature due to 

Azam and Sintunavarat.  
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1. Introduction 
It is well known fact that the mathematical results regarding fixed points of contraction-type 

mappings are very useful for determining the existence and uniqueness of solutions to various 

mathematical models. The theory of fixed points has been developed, regarding the results to 

finding the fixed points self and nonself over the last 50 years. Fixed point theorems have 

expensive applications in proving the existence and uniqueness of the solutions of differential 

equations, integral equations, partial differential equations and in other related areas. Banach’s 

fixed point theorem plays a major role in fixed point theory. It has application in many branches 

of Mathematics. Because of its usefulness, a lot of article has been dedicated to the improvement 

and generalization of that result. Most of these generalizations have been made by considering 

different contractive type conditions in different spaces. In 2011, Azam [1] made one such 

generalization by introducing a complex valued metric space. Very recently, Sintunavarat [10] 

generalized this result by replacing the constant of contraction by some control functions. The 

purpose of this work is to obtain a common fixed point result for weakly compatible mappings 

in complex valued metric spaces which generalizes the result of [1] and [10]. 

 

2. Preliminaries 

Let ₵ be the set of complex number and let z₁, z₂ ϵ ₵. We can define a partial ordering ≺ on ₵ as 

follows:  

z₁ ≺ z₂ iff Re (z₁) ≤ Re(z₂) and Im(z₁) ≤ Im(z₂). 

It follows that, z₁ ≺ z₂ if one of the following conditions is satisfied: 

1. Re(z₁) = Re(z₂) and Im(z₁) = Im(z₂); 

2. Re(z₁) < Re(z₂) and Im(z₁) = Im(z₂); 

3. Re(z₁) = Re(z₂) and Im(z₁) < Im(z₂); 

4. Re(z₁) < Re(z₂) and Im(z₁) < Im(z₂). 

 

In particular, we will write z₁ ≨ z₂ if z₁ ≠ z₂ and one of (ii), (iii), and (iv) is satisfied and we will 

write z₁ ≺ z₂ if only (iv) is satisfied. Note that 

1. 0 ≺ z₁ ≺ z₂ ⇒ |z₁| ≤ |z₂| ; 

2. 0 ≺ z₁ ≨ z₂ ⇒ |z₁| < |z₂| ; 

3. z₁ ≺ z₂ and z₂ ≺ z₃ ⇒ z₁ ≺ z₃ ; 

4. a, b∈ R, 0 ≤ a ≤ b and z₁ ≺ z₂ ⇒ az₁ ≺ bz2. 

5.  

 

Definition 2.1. [1] Let X be a nonempty set. Suppose that the mapping d : X x X → ₵ satisfies the  
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following conditions: 

 

1. 0 ≺  yxd , , for all Xyx ,  and   0, yxd  iff yx   ; 

 

2.     xydyxd ,,  , for all Xyx ,  

 

3.  yxd ,  ≺    yzdzxd ,,  , for all Xzyx ,, . 

 

Then d is called a complex valued metric on X  and  dX ,  is called a complex valued metric space. Note that  yxd ,  ≺ 

 yxd ,1  and so, |
𝑑(𝑥,𝑦)

1+𝑑(𝑥,𝑦)
| ≤ 1. 

Example 2.2. [1] Let X  = ₵. Define the mapping  XXd :  ₵ by   2121, zzezzd ik  , where Rk  . Then  dX ,  is 

a complex valued metric space. 

 

Definition 2.3. [1] Let  dX ,  be a complex valued metric space,  nx  be a sequence in X  and Xx . 

1. If for every c ϵ ₵, with 0 ≺ c there is Nn 0  such that for all 0nn  ,  yxd ,  ≺ c, then  nx  is said to be convergent, 

 nx  converges to x  and x  is the limit point of  nx . We denote this by xxnn lim  or xxn   as n . 

2. If for every c ϵ ₵, with 0 ≺ c there is Nn 0
 such that for all 0nn  ,  mnn xxd ,  ≺ c, where Nm , then  nx  is said 

to be Cauchy sequence. 

3. If every Cauchy sequence in X is convergent, then  dX ,  is said to be a complete complex valued metric space. 

 

Lemma 2.4. [1] Let  dX ,  be a complex valued metric space and let  nx  be a sequence in X . then  nx  converges to x  iff 

  0, xxd n
 as n . 

 

Lemma 2.5. [1] Let  dX ,  be complex valued metric space and let  nx  be a sequence in X . then  nx  is a Cauchy sequence 

iff   0, mnn xxd  as n , where Nm . 

 

Definition 2.6. [7] Let T  and S  be self-mapping of a non-empty set X . The mapping T and S are weakly compatible if 

STxTSx   whenever SxTx  . 

 

Definition 2.7. Let  dX ,  be a complex valued metric space. A mapping XXT :  is said to be contractive if  TyTxd ,  ≺ 

 yxd ,  for all Xyx , . 

 

3. Main Results 

In this section, we always suppose that ₵ is the set of complex numbers and ≺ is a partial ordering on ₵. Throughout the paper we 

denote by N the set of natural numbers. 

 

Lemma 3.1. [2] Let X  be a non-empty set and the mappings S , XXIT ::,  have a unique point of coincidence v  in X . 

If  IS,  and  IT ,  are weakly compatible, then S , T  and I  have a unique common fixed point. 

Theorem. [10] Let  dX ,  be a complete complex valued metric space and S , XXT : . 

Suppose there exist mappings  1,0:, 21 Xgg  such that for all Xyx , . 

1.    xgSxg ii   and    xgTxg ii   for 2,1i ; 

 

2.     121  xgxg ; 

 

3.  TySxd ,  ≺ 
   

     
 yxd

TyydSxxdxg
yxdxg

,1

,,
, 2

1



 

 

Then S  and T  have a unique common fixed point in X . 

Proof: Let Xx 0  be an arbitrary point in X . Choose a point Xx 1  such that 01 SxIx   which is possible since 

   XIXS  . Also, we may choose a point Xx 2  satisfying 12 TxIx   since    XIXT  . Continuing in this way, we 

can construct a sequence  nIx  in  XI  such that 
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10  nSxIx , if n  is odd 

 1 nTx , if n  is even. 

 

If Nn  is odd, then by using hypothesis we obtain    nnnn TxSxdIxIxd ,, 11     

 

 ≺    
     

 nn

nnnnn
nnn

IxIxd

TxIxdSxIxdIxg
IxIxdIxg

,1

,,
,

1

1112
111







  

 

   
     

 nn

nnnnn
nnn

IxIxd

TxIxdIxIxdIxg
IxIxdIxg

,1

,,
,

1

1112
111







  

 

Therefore, 

 

         
 
 nn

nn
nnnnnnnn

fxIxd

IxIxd
IxIxdIxgIxIxdIxgIxIxd

,1

,
,,,

1

1
1121111







  

       112111 ,,   nnnnnn IxIxdIxgIxIxdIxg   

 

       122121 ,,   nnnnnn IxIxdTxgIxIxdTxg  

 

       122121 ,,   nnnnnn IxIxdIxgIxIxdIxg   

  

       132131 ,,   nnnnnn IxIxdSxgIxIxdSxg  

 

       132131 ,,   nnnnnn IxIxdIxgIxIxdIxg   

 

       102101 ,,   nnnn IxIxdIxgIxIxdIxg  

 

Which implies that  
 
 

 nnnn IxIxd
Ixg

Ixg
IxIxd ,

1
, 1

02

01
1 


   

 

If Nn is even, then 

 

     111 ,,,   nnnnnn TxSxdSxTxdIxIxd  

 

 ≺    
     

 1

112
11

,1

,,
,









nn

nnnnn
nnn

IxIxd

TxIxdSxIxdIxg
IxIxdIxg  

 

   
     

 1

112
11

,1

,,
,









nn

nnnnn
nnn

IxIxd

IxIxdIxIxdIxg
IxIxdIxg  

  

Therefore, 

         
 
 1

1
12111

,1

,
,,,









nn

nn
nnnnnnnn

IxIxd

IxIxd
IxIxdIxgIxIxdIxgIxIxd  

       1211 ,,   nnnnnn IxIxdIxgIxIxdIxg  

 

       1211 ,,   nnnnnn IxIxdTxgIxIxdTxg  

 

       112111 ,,   nnnnnn IxIxdIxgIxIxdIxg  
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       122121 ,,   nnnnnn IxIxdSxgIxIxdSxg  

 

       102101 ,,   nnnn IxIxdfxgIxIxdIxg  

 

Which gives that  

 
 
 

 1

02

01
1 ,

1
, 


 nnnn IxIxd

Ixg

Ixg
IxIxd  

 

 Thus for any positive integer n , it must be the case that 

 

 
 
 

 nnnn IxIxd
Ixg

Ixg
IxIxd ,

1
, 1

02

01
1 


   (3.1) 

 

If we let  
 02

01

1 Ixg

Ixg


 , then by repeated application of (3.1) 

  

   nnnn IxIxdIxIxd ,, 11     

 

 12

2 ,  nn IxIxd  

  

 10, IxIxdn  

 

Now, for all m , Nn , nm  , we have 

 

 mn IxIxd ,  ≺      mmnnnn IxIxdIxIxdIxIxd ,...............,, 1211   . 

 

Therefore,  

 

       mmnnnnmn IxIxdIxIxdIxIxdIxIxd ,........,,, 1211    

 

   mm

mnn IxIxd ,......... 1

11



    

 

 10 ,
1

IxIxd
n






  

 

Since  1,0  taking limit as m , n  we have   0, mn IxIxd  which implies that  nIx  is a Cauchy sequence in 

 XI . By completeness of  XI , there exist u , Xv  such that  

 IuvIxn   

Now, 

 

 TuIud , ≺    TuIxdIxIud nn ,, 1212    

  

   TuSxdIxIud nn ,, 212    

≺      
     

 IuIxd

TuIudSxIxdIxg
IuIxdIxgIxIud

n

nnn
nnn

,1

,,
,,

2

2222
22112


  

 

Which implies that 

 

       
     

 IuIxd

TuIudSxIxdIxg
IuIxdIxgIxIudTuIud

n

nnn
nnn

,1

,,
,,,

2

2222
22112


   
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           TuIudSxIxdIxgIuIxdIxgIxIud nnnnnn ,,,, 222222112  
, 

 

Since 1≺1+  IuIxd n ,2  

 

           TuIudIxIxdIxgIuIxdIxgIxIud nnnn ,,,, 1220220112    

  

Taking n , it follows that   0, TuIud  and hence   0, TuIud . 

 

Therefore, vTuIu  . Similarly, we can show that vSuIu  . 

 

Thus, vTuSuIu   and so v  becomes a common point of coincidence of I , S  and T . 

For uniqueness, let there exists another point   Xvw   such that wTxSxIx   for some Xx . Thus, 

 

   TxSudwvd ,,   

≺    
     

 IxIud

TxIxdSuIudIug
IxIudIug

,1

,,
, 2

1


  

   
     

 wvd

wwdvvdvg
wvdvg

,1

,,
, 2

1


  

   wvdvg ,1  

 

Which implies that 

  

     wvdvgwvd ,, 1   

 

Since   10 1  vg , it follows that   0, wvd  and so wv  . If  IS,  and  IT ,  are weakly compatible, then by Lemma 

(3.1), SI , and T  have a unique common fixed point in X. 
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