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Observation on the Biquadratic Equation with Five 

Unknowns 
222233 ))(222()(x y)-(x wYXkky    

 
M.A. Gopalan, A. Kavitha, G. Thamaraiselvi 
 
Abstract 

We obtain infinitely many non-zero integer quintuples w)Y,X,y,(x,  satisfying the Bi-Quadratic 

equation
222233 ))(222()(x y)-(x wYXkky  . Various interesting relations 

between the solutions and special numbers, namely, Polygonal numbers, Pronic numbers, Pyramidal 
numbers, Stella Octangular numbers, and Octahedral numbers are exhibited. 
 
Keywords: Biquadratic equation with five unknowns, Integral solutions, Polygonal and Pyramidal 
numbers. 
2010 Mathematics subject classification: 11D25. 
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 : Stella Octangular number of rank n  

)1n2(nSO 2
n 

 

nPr
 : Pronic number of rank n 
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nOH
 : Octahedral number of rank n 
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1. Introduction 
The theory of Diophantine equations offers a rich variety of fascinating problems. In particular 
biquadratic Diophantine equations, homogeneous and non-homogeneous have aroused the 
interest of numerous mathematicians since antiquity [1-4]. In this context one may refer [5-10, 12, 

13] for various problems on the biquadratic Diophantine equations with four and five variables 
[11]. have discussed the problem on biquadratic Diophantine equation with five unknowns. This 
paper concerns with yet another problem of determining non-trivial integral solutions of the 
non-homogeneous biquadratic equation with five unknowns given by

222233 ))(222()(x y)-(x wYXkky  . A few relations among the 
solutions are presented. 
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2. Method of Analysis  
The Diophantine equation representing the biquadratic 
equation with five unknowns under consideration is 
 

222233 ))(222()(x y)-(x wYXkky     (1) 
 
Introducing the linear transformations  

,2 X

, vu x 

vu 


  

vu 


2Y

 vu y 

                                                                         (2) 
 
in (1), it simplifies to  
 

2222 )444(3u wkkv                                        (3) 
 
The above equation (3) is solved through different choices and 
thus, one obtains distinct patterns of integer solutions to (1) 
 
2.1 Pattern: 1 

Let 
22 3w ba                                                                (4) 

 
Substituting (4) in (3) and using the method of factorization, 
define 

)3)12(()3()3( 2 ikbiaviu   
 
Equating real and imaginary parts, we have 
 

abkbkaba 6623u 2222   

kababba 423v 22   
 
Substituting the values of u and v in (2), the non-zero distinct 
integral solutions of (1) are given by 
 

 kababkbkababax 446262),( 2222   

kababkbkabay 4862),( 22   

kababkbkababaX 41012493),( 2222    (5) 

kababkbkababaY 4141243),( 2222   
22 3b)w(a, ba   

 
2.2 Properties 

0612)21(r4t4)1,Y(a-1)a(a, X a4,a  akPa

0 63a-2k)(1t4t 1)-2a y(a, 1)-2a x(a, a6,a46, 

 
 
2.3 Pattern: 2 
(3) can be written as  
 

1*)444(3u 2222 wkkv                                  (6) 

Write 1 as 
  

 

  
4

3131
1

ii 


                                                      (7) 
 
Using (7) in (6) and employing the method of factorization, 
define 
 

 
2

31
*)3)(3)12(()3( 2 i

biaikviu



  (8) 

 
Equating real and imaginary parts in (8), we get 
 

kabkbkaabba

kabkbkaabba

2323v

6363u
2222

2222





              (9)
  
Using (9) and (2), we get the integral solution of (1) as 
 

kabkbkaabbax 4628),( 22   

kababbabay 8462),( 22   

kabkbkaabbabaX 1093143),( 2222  (10) 

kabkbkaabbabaY 1431093),( 2222   
22 3b)w(a, ba   

 
2.4 Properties 

0 15)30a(7tk)(216Pr 1)a (a, 1)a 3X(a, a4,a  kY

0 )2(1OH12t4 1)2a w(a,2 1)2a y(a, aa4,
22  k

 
 
2.5 Note 
It is to be noted that in addition to (7), 1 may also represented 
as the product of complex conjugates as given below: 
 
Choice: 1 

  
4

3131
1

ii 


 
Choice: 2 

  
169

34113411
1

ii 


 
 
Choice: 3 

  
169

34113411
1

ii 


 
 
Choice: 4 

  
49

341341
1

ii 

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Choice: 5 

  
49

341341
1

ii 


 
 
Choice: 6 

  
196

35113511
1

ii 


 
 
Choice: 7 

  
196

35113511
1

ii 


 
 
Choice: 8 

  
196

33133313
1

ii 


 
 
Choice: 9 

 

  
196

33133313
1

ii 


 
 
Employing the procedure presented in pattern:2, the 
corresponding integral solutions to (1) for the above choices 
of 1 are obtained as below; 
 
Solution for choice: 1  

kababbabax 8462),( 22   

kabkbkaabbabay 462462),( 2222   

kabkbkaabbabaX 1434124),( 2222   

kabkbkaabbabaY 10934124),( 2222 
22 3b)w(a, ba   

 
Solution for choice: 2 

kabkbkaabbabax 489030484214),( 2222 

kabkbkaabbabay 4842141324816),( 2222 

kabkbkaabbabaX 96156521383913),( 2222 

kabkbkaabbabaY 96108362225117),( 2222 
 
Solution for choice: 3 

kabkbkaabbabax 92421449030),( 2222 

kabkbkaabbabay 49030884816),( 2222 

kabkbkaabbabaX 140108363815953),( 2222 

kabkbkaabbabaY 521565213011739),( 2222 
22 3913b)w(a, ba   

 
Solution for choice: 4 

kabkbkaabbabax 4430652186),( 2222 

kabkbkaabbabay 52181084816),( 2222 

kabkbkaabbabaX 92364825117),( 2222 

kabkbkaabbabaY 1001212388127),( 2222 
22 217b)w(a, ba   

 
Solution for choice: 5 

kabkbkaabbabax 52186443010),( 2222 

kabkbkaabbabay 44301084816),( 2222 

kabkbkaabbabaX 100124626923),( 2222 

kabkbkaabbabaY 923612108729),( 2222 
22 217b)w(a, ba   

 
Solution for choice: 6 

kabkbkaabbabax 1696121043612),( 2222 

kabkbkaabbabay 1043632886020),( 2222 

kabkbkaabbabaX 7616234200248),( 2222 

kabkbkaabbabaY 164102541847224),( 2222 
22 4214b)w(a, ba   

 
Solution for choice: 7 

kabkbkaabbabax 1043612169632),( 2222 

kabkbkaabbabay 169612886020),( 2222 

kabkbkaabbabaX 164102342017458),( 2222 

kabkbkaabbabaY 761623412413846),( 2222 
22 4214b)w(a, ba   

 
Solution for choice: 8 

kabkbkaabbabax 169632886020),( 2222 

kabkbkaabbabay 8860201043612),( 2222 

kabkbkaabbabaX 20174581847224),( 2222 

kabkbkaabbabaY 12413846200248),( 2222 
22 4214b)w(a, ba   

 
Solution for choice: 9 

kabkbkaabbabax 886020169632),( 2222 

kabkbkaabbabay 1696321043612),( 2222 

kabkbkaabbabaX 124138467616254),( 2222 

kabkbkaabbabaY 201745816410234),( 2222 
22 4214b)w(a, ba   

 
2.6 Pattern: 3 
Rewrite (3) as 
 

)(3)12(u 22222 vwwk                                         (11) 
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(11) is written in the form of ratio as 
 

0,
)12(

)(3)12(







 




wku

vw

vw

wku

 
  
Which is equivalent to the system of double equations 
 
ݑߚ െ ߙݒ ൅ ሺ2݇ߚ ൅ ߚ െ ݓሻߙ ൌ 0

െݑߙ െ ݒߚ3 ൅ ሺ2݇ߙ ൅ ߙ ൅ ݓሻߚ3 ൌ 0
ൠ                              (12)  

 
Solving the above system (12) by applying the method of 
cross multiplication, we get 
 

 6632 2222  kku  

 243 22  kv                                      (13) 
22 3 w  

 
Using (13) and (2), we get the corresponding non-zero integer 
solutions of (1) to be 

 kkkx 4862),( 22   

 kkky 446622),( 222 

 kkkX 4141234),( 2222 

 kkkY 41012943),( 2222 
22 3),(  w  

 
2.7 Properties 

0 62k)(1SO424t6t2 1)-2a y(a, 1)-2a x(a, aa4,a4,
22

2 

0)1(8aa)Y(a,-a)X(a, 2  k  
0 12-24ka-2k)(7Pr2k)4(12t 1)a w(a, 1)a X(a, a4,  a

0 2k)(54)1(2a12k)8(3t 1)a,w(a3 1)a,Y(a 5
a4,

22  aPk

0 1)-6k(4a)1(t4k)11(22t 1)-2a w(a,2 1)-2a y(a, a6,a4,  k
 
2.8 Remark 
  
(11) may also be expressed in the form of ratios in three more 
different ways that are presented below: 
 
Way 1  













wku

vw

vw

wku

)12(

)(

)(3

)12(

  
 
Way 2  












wku

vw

vw

wku

)12(

)(3

)(

)12(

 
 
Way 3  













wku

vw

vw

wku

)12(

)(

)(3

)12(

 
 

Solving each of the above system of equations by following 
the procedure as presented in  
Pattern:3, the corresponding integer solutions to (1) are found 
to be as given below: 
 
Solution for way 1 

 kkkkx 4268),,( 22   

 kkkky 426426),,( 2222 

 kkkkX 4412143),,( 2222 

 kkkkY 44121039),,( 2222 
223),(  w  

 
Solution for way 2 

 kkkkx 462462),,( 2222 

 kkkky 4862),,( 22   

 kkkkX 41241093),,( 2222 

 kkkkY 4124143),,( 2222 
22 3),(  w  

 
Solution for way 3 

 kkkkx 42266),,( 222   

 kkkky 42262),,( 222   

 kkkkX 424129),,( 2222 

 kkkkY 4241233),,( 2222 
223),(  w  

 
3. Conclusion 
In this paper, we have presented different choices of integer 
solutions to the homogeneous biquadratic equation with five 
unknowns

222233 ))(222()(x y)-(x wYXkky  . It is 
worth mentioning here that in (2), the linear transformations 
for X and Y may also be considered as I) X=uv+2, Y=uv-2 
and II) X=2uv+1, Y=2uv-1. Employing the above two forms 
of transformations for X,Y different values for X and Y are 
obtained. To conclude, as biquadratic equations are rich in 
variety, one may consider other forms of biquadratic 
equations and search for corresponding properties. 
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