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Abstract

In this paper, two mixed quadrature rules (I and II) are constructed for approximating the evaluation of
numerical integration, by blending Cleanshaw-Curtis five point rule of precision five with another two
quadrature rules (five point Fejer’s second rule and Boole’s rule) of same precision, provided that the
new constructed rules are of precision seven. In addition, another mixed quadrature rule (I11) has been
formed by taking the combination of two newly formed quadrature rules (I and 11). Moreover, errors of
the constructed rules are analyzed and approximated.
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1. Introduction
Many Authors formed mixed quadrature rules I 2 of higher precision to approximate the real
definite integral

1) = [1, f(x)dx @

by taking the linear combination of two different types of existing quadrature rules of equal
lower precision, such as Gauss-Legendre quadrature rules, Newton-Cotes formulas, Fejer’s
rules, Birkhoff-Young’s rule, Boole’s rule, Cleanshaw-Curtis rule etc.

Das, R. B. and Debasish D. B used mixed quadrature rule by blending Cleanshaw-curtis five
point rule © 1% and Gauss-Legendre three point rule in adaptive environment. In B, Dash, R.
B. and Debasish D. identified a mixed quadrature rule as Cleanshaw-Curtis five point rule by
taken the convex combination of 3-point Fejer’s second quadrature rule and Simpson’s 1/3
rule of same precision and also identified Cleanshaw-Curtis 7-point rule as the linear
combination of 5-point Fejer’s second quadrature rule and Boole’s rule 58 9, In 7l Mohanty,
S. K. and Rajani. B. D. formed two mixed quadrature rules, one is the combination of Boole’s
quadrature rule and Gauss-Legendre three point rule and the other is the combination of
Boole’s quadrature rule and Bikhoff-Young quadrature rule. Moreover they used the two
quadrature rules from [ to produce another mixed quadrature rule in (1 of precision 9.

In this paper, | intend to construct three mixed quadrature rules by taking the convex
combinations of Cleanshaw-Curtis five point quadrature ruIe(RCCS(f))with another two
quadrature rules, such as five point Fejer’s second rule(Rsz,(f)) and Boole’s rule (Rg,(f)).
In addition, corresponding errors are analyzed and some examples are included to show the
accuracy of the approximated value.

2. Construction of rules

2.1 Construction of mixed quadrature rule (I) of precision 7, by taking convex
combination of Cleanshaw-Curtis five point rule and five point Fejer’s second rule:
Cleanshaw-Curtis five point rule:

1) = [2, f()dx = Res = =[F(-1) +8f (- 5) + 12f () + 8f (%) + F(D] @

and Five point Fejer’s second rule:

1) = I, fGdx = Rep = £[77 (2) + 97 (5) + 137 @ + 97 (-3) + 77 (- T)] @
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Both rules are of precision 5. Let corresponding errors of (3)
and (4) are Eccs(f) and Esg, (f) respectively.

For approximating the integral in (1), letf (x) is differentiable
in[—1,1].

Then expanding f (x) by Taylor’s series about x = 0,

" " 4)
F) = £(0) + f/(0)x + 202 4 L0 ys LDt

2! 3! 4!
(5) (6) (7) (8 (9)
£2(0) x5 + f (0)x6 + f (0)x7 + £¥(0) %8 + £(0) X +
5! 6! 7! 8! 9!
(10)
L ©@y10 4o )

10!

_ ™o _
Letc, = - forn=0,1,2,3,...... Then (4) becomes,

(x) = ¢y + c1x + %% + c3x3 + c4x* + c5x® + cgx® +
0 3 5 6
Cx7 + cgx® 4 cox% + cox10 + - . (5)

Integrating (5), equation (1) becomes,

2 2 2 2 2
1(f) = 2co +362 +5ca + 3¢+ Cs + cip e (6)

As we know, I(f) = Rees(f) + Eces(f) Q)
ANd I(f) = Rsp2(f) + Esp2(f) ()]
Approximating errors of (7) and (8), using (6),

Eces(f) =%c6+41—508 +6—16c10+-~-........ 9)
and Espy (f) = 7= Cs + = Cg + o= Cig + oo (10)

Then multiplying equations (7) and (8) by 1—16 and —%
respectively, and then adding the resulting equations,

1(F) = = (16Rsz2 (f) — 9Rces(F) + = (16Es (f) —

9Eccs (f)) 11)

Equation (12) represents the proposed mixed quadrature rule
() of convex combination of Cleanshaw-Curtis five point rule
and five point Fejer’s second rule, Recsseo(f) with error,

ECCS,SFZ(f)-

Then Recs se2(f) = %(16R5F2 (f) = 9R¢cs (f)) (12)

and Eccssr2(f) = %(16551?2 (f) = 9Eces()) = :_Scs +

5

S50 T (13)
1 @) 5 0

Hence, ECCS,SFZ(f) = Ef 8!( ) gfl—(ﬂ() + el (14)

Equation (11) becomes,

I(f) = Rees sr2(f) + Eces sr2(f) (15)

Therefore, equation (16) represents the proposed rule (1) with
the error approximation of precision 7.

2.2 Construction of mixed quadrature rule (I1) of precision
7, by taking convex combination of Cleanshaw-Curtis five
point rule and Boole’ rule

Boole’s rule:

10 = [2, fdx ~ Ry (f) = 55 [7£(=1D) + 321 (=3) +
12£(0) + 32f (%) + 7f(1)] (16)

This rule is of precision 5. Let the error of this rule is denoted
by Eg, (f).

As we know, I(f) = Rp,(f) + Eg.(f) a7
From equations (6) and (16),
EBL(f) = _2_11C6_%Cg_%Clo_“'............ (18)

Multiplying equations (7) and (17) by % and % respectively,
and then adding,

I(F) = 2 (SRees () + 2Rpu () + 5 (SEces(F) + 2Eg, ()
(19)

Equation (18) represents the proposed mixed quadrature rule
(1) of convex combination of Cleanshaw-Curtis five point
rule and Boole’ rule, Recs g, (f) with error, Eccs g ().

Then Recs 5 (f) = > (5Rees (f) + 2Rpr () (20)
A Eeespi(f) =2 (SEces(f) + 2Ep.(f)) = — 5= ¢5 =
g = o (21)

(8) (10)
HenCe, ECCS,BL(f) = _%%_ﬁ%_”’ (22)

Therefore, equation (19) becomes,

I(f) = Rees g (f) + Eces g (f) (23)

Therefore, equation (23) represents the proposed rule (1) with
the error approximation of precision 7.

2.3 Construction of mixed quadrature rule (Ill) of
precision 9, by taking linear combinations of rule I and
rule 11

From equations (15) and (23),

I(f) = Reessr2(F) + Eces sr2(F)

and I(f) = Rees,p (f) + Eces ().

. 1 5
Wlth errors ECC5,5F2(f) = ECS + %CIO T

1

and Eces ., (f) = T 5068 T 2g2 €10~

Multiplying equation (15) by % and then adding with equation
(23),

I(f) = %(Rccs,sm (f) + 2Rees () + %(ECCS,SFZ N+
2Eccs 51 (f) (24)

Then equation (24) represents the mixed quadrature rule (111),
Rces,sr2),cespry(f) Of linear combinations of mixed
quadrature rules (1) and (11) with the approximating error
E(CCS,SFZ),(CCS,BL) o).
1
Then, Ricessra)ces,pry(f) = 3 (Rccs,SFz )+ 2RCCS,BL(f))
(25)
1
And E(CCS,SFZ),(CCS,BL) (f) = 3 (ECCS,SFZ (f) + ZECCS,BL(f))
(26)

Hence equation (24) can be written as,
I(f) = Rcessraycces,sry () + Eces,srayces,sry () (27)
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where error,

1 490
792 10!

E(ces,sr2),ccsp)(f) = 792 C1o +

(28)
Then this rule (1) is of precision 9.

3. Error Analysis

Theorem 3.1

Let f(x) has derivatives of all orders in the interval [—1,1].
Then the error, Eccssea(f) associated with the rule,

Recs,se2 (f)is given by

|Ecessr2(F)] = = |f®(0)].

458l|

Also |Ecessr2(f)] <
M= max |f?(x)|.
—1=<x=<1

|62 | ; 61,62 € L—l,l] for

29400

Proof
From equation (15),

I(f) = Rees,sr2(f) + Eces se2(f)

where Rees sra(f) = ;(16R5F2(f) - 9Rccs(f))

and E¢csspa (f) = %(16E5F2(f) - 9Ecc5(f))

kS f(f*)(O) 51490

Then E¢cs sp2(f) = al 88 10!

Therefore, |ECC5,5F2 (f)' T |f(8)(0)|

From equations 9) and (20),

1 _ 2 90

ECC(SEf) - 105( 6) 45 CS toeCot T 105 e

8 10
IO @y (29)
45 8! 66 10! ©

1 47 _ 3 Y0

ESF(ZEf)_zso ( )45C8+?08010+”'"'_280 6!

8 10
1 f®) | 47 100 (30)
45 8! 1408 10!
Approximating equations (29) and (30) as,

2 f( )(31) 1
Eces(f) = — o . 37800f(6)(51) (31)
3 ©)(a

and Egp, (f) ~ =102 = —— £©)(9,) (32)

6! ~ 67200

fora,, 0, € [-1,1].

Now Eccs sr2(f) = - (1655172 - 9Eccs(f))
1
—(mf@( D~ 305 € @)

=3 00 (f(% )= f©())
=— f<7>(x)dx let 9; < 0,.

29400

Hence, |Ecc5 5F2 (f)| |

= 2P| =

N f(7)(x)dx| <
|0, = 04],

29400

29400

where M = rlnax1|f(7)(x)|. It completes the proof.
—1sx<

Theorem 3.2

Let f(x) has derivatives of all orders in the interval [—1,1].
Then the error, Eccsseo(f) associated with the rule,
Recssr2(f) is given by

|Eccs,BL(f)| 508! |f(8)(0)|
Also |Eccs BL(f)l
max |f(7)(x)|

—1=x<1

——|0, — 0,|; 04,0, € [—-1,1] for M =

29400

Proof
From equation (23),

I(f) = Rees,pr(f) + Eces g (f)

where Recs .(f) = = (SRecs(f) + 2Ra, ()

and Eccs ., (f) = %(5Ecc5 N+ ZEBL(f))

1790 _ 7 190
Then Eccs . (f) = — 9% 8 264T -
1 f<8)(o>

Approximating Eccs g (f), Eccsp(f) = — al

Hence, |ECC5,BL(f)| |f(8) (0)|

90.8!

From equations (29) and (18),

Eces(f) = +-

66C10 .
2 fO0)  1f (8)(0) 1 f19(0)
105 6! 45 8! 66 10!

17 23 1 /(6)(0)
Epn(f) = =g =g = Bogyy — e =~ ALOO

2156 " 1808 T 176 21 6
17 f® ()

23 f190)
180 8! 176 10! (33)

105 E

Approximating equations (29) and (30) as,
2 f@0) 1
O]
EC“(’Z) 105 6' = 378007 OV
Epu(f) = -t 22 = - ——f©(3,) (34)

21 6! 15120

for 9,,d, € [-1,1].

Then E¢es g (f) = E (5Eccs N+ ZEBL(f))
FO@) ~ 7251 ©(@2))

= 53035 (9@ ~ 1©(@,)

1 a
~ 52920 fazlf(7)(x)dx, let 9, > 9,

~ 3
7560

Therefore,

|Eccs n)l = |=
I lF OG0l dx =

f M (x)dx| <

52920

5292070 52920 10, — 2|
forM = rlrla)<<1|f(7)(x)|. Hence the proof is complete.
—1=Xx=

Theorem 3.3
Let f(x) has derivatives of all orders in the interval [—1,1].
Then the error, Eqccs sr2) (ccs,pr) (f) associated with the rule,

R(ccs 5r2)(ces, ) (F)is given by
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|E(cc5,5F2),(cc5,BL) (f)' = 7921_10! |f(10)(0)|-

M
Also |E(CC5,5F2),(CC5,BL) (f)| = cr3700 [0, — 04| ; 01,0, €

[—1,1] for M = max |fO(x)|.
—1=x<1

Proof
From equation (27),
I(f) = Rces srzyccespy(f) + Eqces srz)cespy (f)
1
where Rccs sr2),ccs,ar) (f) = 3 (Rccs,SFz (f) + 2R¢cs 1, (f))

1
and Eccs sr2),(ccs,BL) = 3 (ECCS,SFZ (f) + 2E¢cs i, (f))

1
Then E(ccssra)ces,pry(f) = Zoa €10t =
210
792 10! e
L. 1 £(10)()
Approximating the error, Eccs sr2),(ccs,p) (f) = 75,5

1

792.10! |f(10)(0)|'

Therefore, |E(CC5,5F2),(CCS,BL) f )| =

From equations (14) and (22),
190 5220

ECCS,SFZ(f) = 25 gl 88 101 e
1 f(s) 0 7 f(lO) 0
ANd E¢es g (f) = —%8—!()—@ 10!( e

1 £®@y)

Approximating the above two errors, Eccs sp, (f) = yri

®) g
and ECCS,BL(f) =~ _gi()fg—(ll) fOI’ 61, 62 E [_1, 1].

Then E ¢cs 5r2),(ces pL) = %(ECCS,SFZ (f) + 2E¢cs i, (f))
N 1( 1f®@,) 2 f“”(al))

“3\45 8! 90 8!

=——  (f® — f®
=S 1709 = 10@)
_ 1 2 £(9)
T f31 FO(x)dx, Let a, > 0,.
1 a
Hence, |E(ccs,5F2),(ccs,BL)(f)| b |5443200 fa: f(g)(x)dx| =

1
5443

— | fa": f(9)(x)dx|

= Saa3200 02~

for M = rlnax1|f(9)(x)|.
—1<x<
Therefore, the theorem is proved.

4. Results and Discussion
From theorems 3.1, 3.2 and 3.3, we see that

|E(CCS,5F2),(CCS,BL)(f)| = |ECCS,BL(f)| < |Eccs,5F2(f)|

From the comparison of errors, we find that mixed quadrature
rule 111 gives more accurate results than quadrature rules | and
.

5. Conclusions
Application of quadrature rules are widely used in numerical
integration. Here we formed three quadrature rules based on

three well known quadrature rules, such as, Cleanshaw-Curtis
five point rule, five point Fejer’s second rule and Boole’s rule
and taking combination of them produced more accurately
approximated results.
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