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Observations on the Biquadratic Equation with five 

unknowns (X-Y) (x3+Y3) = 39(W2-Z2) P2 
 
M.A.Gopalan, S.Vidhyalakshmi, D.Maheswari 
 
Abstract 
The biquadratic Diophantine equation with five unknowns 

 is analysed for its infinitely many non-zero distinct 
integral solutions. A few interesting properties among the values of x, y, z, w, p and special numbers 
namely, polygonal, Centered pyramidal, Jacobsthal numbers, and Four dimensional figurate numbers are 
presented. 
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Notations Used: 

  - Polygonal number of rank n with size m 

  - Centered Pyramidal number of rank n with size m 

  -Pronic number of rank n 

  - Jacobsthal number of rank n 

  - Four dimensional figurate number of rank n whose 
generating polygon is a triangle 

  - Four dimensional figurate number of rank n whose 
generating polygon is a square 

  - Four dimensional figurate number of rank n whose 
generating polygon is a pentagon 

 - Four dimensional figurate number of rank n whose generating polygon is a 
hexagon 
 
1. Introduction 
The theory of Diophantine equations offers a rich variety of fascinating problems. In particular 
Biquadratic equations, homogeneous or non-homogeneous, have aroused the interest of 
numerous mathematicians since antiquity [1-3]. For illustration, one may refer [4-15] for 
Biquadratic equations with three and four unknowns. This paper concerns with the problem of 
determining non-trivial integral solutions of the homogeneous Biquadratic equation with five 

unknowns given by . A few relations between the 
solutions and the special numbers are presented. 
 
2. Method of Analysis 
The Diophantine equation representing the Biquadratic equation with five unknowns under 

consideration is     (1)                   
Introducing the transformations 

      (2) 

International  Journal  of  Multidiscipl inary Research and Development 



 

~ 84 ~ 

International Journal of Multidisciplinary Research and Development 
 

in (1), we get    (3) 
Now, we solve (3) through different methods and thus obtain 
different patterns of solutions to (1). 
 
Pattern I  
Equation (3) can be written as 

  (4) 
This equation is equivalent to the following two equations 

                (5) 
By the method of cross multiplication we get the integral 
solutions of (5) to be 

 

 

     (5a)        
In view of (2), the corresponding non-zero distinct integral 
solutions of (1) are given by 

 

 

 

 
along with (5a). 
A few interesting properties observed are as follows: 

1. 
 is a Nasty number  

2. 
  

3. 
 

4. 
 is a cubical integer 

5.  
 
Pattern II 
Equation (3) can also be written as 

 
Proceeding as in the above pattern I, the corresponding non-
zero distinct integral solutions of (1) are found to be 

 

 

 

 

     
Properties: 

1.  
is a perfect square  

2.  

3.  

4.  

5.   
 

Pattern III 

Equation (3) can be written as  (6) 

Assume     (7) 

and write 3 as  (8) 
Using (7) and (8) in (6), it is written in the factorizable form 
as 

 
which is equivalent to the system of equations 

 

 
Solving either of the above two equations, we have 

 

 

          (8a) 
In view of (2), the corresponding non-zero distinct integral 
solutions of (1) are given by 

 

 

 

 
along with (8a). 
 
Properties: 

1.  

2. is a  
Nasty number 

3.  

4.  
 
Pattern IV 

Assume   (9) 
where a and b are non-zero distinct integers. 

Write   (10) 
Using (9) and (10) in (3), and applying the method of 
factorization, it is written as the system of double equations 
as  

 

 
Equating the real and imaginary parts of either of the above 
equations, we have 

 

 
In view of (2), the corresponding non-zero distinct integral 
solutions of (1) are given by 

 

 

 

 
along with (9). 
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Properties: 

1. 
 is a perfect square 

2.  is 
a Nasty number  

3.   

4.  

5. 
  

Note : 
 It is seen that 39 may also be represented in the following 
ways: 

(i).   

(ii).                        

(iii).   (11)     

(iv).  
For each of the above representation, the corresponding 
solutions to (1) are as follows: 
 
Solution for (i): 

 

 

 

 

 
 
Solution for (ii): 

 

 

 

 

 
 
Solution for (iii): 

 

 

 

 

 
 
Solution for (iv): 

 

 

 

 

 
 
Pattern V 
Equation (3) can be also written as  

 

Write 1 as   (12)           
Applying a similar analysis presented in above pattern IV 
and performing a few calculations, the corresponding non-
zero distinct integral solutions to (1) are given by 

 

 

 

 

 
 
Properties: 

1. 
 

2. 
 

3. 
 

4.  
Note: 
It is seen that 1 can also be represented in the following 
ways: 

(i).                

(ii).               
(13) 

(iii).                     
By considering combinations between 39 and 1 given in (10), 
(11), (12) and (13) and performing analysis similar to that 
presented above, one may get other different choices of 
solutions to (1).  
 
3. Conclusion 
In this paper, we have obtained different patterns of non-zero 
distinct integer solutions to the Biquadratic equation with 
five unknowns given by 

. As biquadratic 
equations are rich in variety, one may search for integer 
solutions to biquadratic equations with variables ≥ 5 and 
determine their corresponding properties involving 
polygonal, pyramidal and other special number patterns. 
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