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Abstract

The biquadratic Diophantine equation with five

(x = W) (3 + ¥?) =39(w? — z)p?

unknowns

is analysed for its infinitely many non-zero distinct
integral solutions. A few interesting properties among the values of x, y, z, w, p and special numbers
namely, polygonal, Centered pyramidal, Jacobsthal numbers, and Four dimensional figurate numbers are
presented.
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Notations Used:

(m—1){m—2)
tm.n =n (1 T 2 )
» - - Polygonal number of rank n with size m
- (n—1lninti)
P = m [nt] L
> & - Centered Pyramidal number of rank n with size m
Pr,=n{n+1)
> -Pronic number of rank n
_1 n n
L =1@" - (~"
> - Jacobsthal number of rank n
1 4 7
Fry ==—(n* +6n® +11n’ + 6n)
> == - Four dimensional figurate number of rank n whose
generating polygon is a triangle
1 4 7
F', =—(n* +4n® +5n° + 2n)
> 12 - Four dimensional figurate number of rank n whose
generating polygon is a square
1 A4 7
Fro =—(3n" +10n° + 9n" + 2n)
> == - Four dimensional figurate number of rank n whose

generating polygon is a pentagon

1 a 2
Fl ==(n"+3n® + 2n")
& - Four dimensional figurate number of rank n whose generating polygon is a
hexagon

1. Introduction

The theory of Diophantine equations offers a rich variety of fascinating problems. In particular
Biquadratic equations, homogeneous or non-homogeneous, have aroused the interest of
numerous mathematicians since antiquity [1-3]. For illustration, one may refer [4-15] for
Biquadratic equations with three and four unknowns. This paper concerns with the problem of
determining non-trivial integral solutions of the homogeneous Biquadratic equation with five

S SR S 22 2,2
unknowns given by(x y)(x y?) 39(w =)

solutions and the special numbers are presented.

. A few relations between the

2. Method of Analysis
The Diophantine equation representing the Biquadratic equation with five unknowns under

(x — y)(x* + v3) = 39(w? — z2)p?

consideration is @)
Introducing the transformations
x=u+v,v=u—v,w=ur+lz=ur—1 @

~g3~
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in(1), wegett T3V =397 3)
Now, we solve (3) through different methods and thus obtain
different patterns of solutions to (1).

Pattern |
Equation (3) can be written as
Eptu _ 3lw—p) _ A
= °6 == = where B =0
rip P —u
This equation is equivalent to the following two equations

uB —Av+p(6B—A4) =0, ud+3vB—p(3B+64)=0
®)

By the method of cross multiplication we get the integral

solutions of (5) to be

u =64 — 185% + 64B

v=—A"+3B"+124B

p=A4A"+3E" (52)

In view of (2), the corresponding non-zero distinct integral

solutions of (1) are given by

x = x(A,B) = 54° + 184B — 15B*

v =v(A4,B) =74 — 648 — 21B°

w=w(4,B) = (64> — 188" + 64B)(-4*+ 3B° + 124B) +1
z=z(A,B) = (64— 1887 + 64B)(-A*+3B% +1248) -1
along with (5a).

A few interesting properties observed are as follows:
3v(B+1,B)—6x(B+1,B)+9p(B+1,B)+ 126Fry

1.
is a Nasty number
5 16V(4,1) -w(4,1) - 72F], +18CPY + 4t;; , = —3(mod4)
; 1 (4,1)+2(A,1)+5p(4 1) + 144F7, - 36CP} - 23t = —55(mods3)
. 147(w(A, A) + z(4, A) + 1008F~ — 336t,,)
is a cubical integer
Pattern 11
Equation (3) can also be written as
6p +u 17— A
o =E pj:—u-‘hweﬂt—*{)
3(v+p) 6Gp—u

Proceeding as in the above pattern I, the corresponding non-
zero distinct integral solutions of (1) are found to be

x = x(A,B) =154 —5B° + 18A4B
v =v(A4,B) = 214* — 7B* — 6AF
w=w(4,B) = (1847 - 6B + 64B)(-34*+ B+ 124B) +1

z==z(A,B) = (1847 — 6B° + 6AB)(-34*+B* +12458) -1

p =p(A,B) = B* + 34°
Properties:
39[7x(4,A+1) - 5v(4,A+1)—117Pr, — 394]

. is a perfect square

5 10x(4,4%) - 4p(A4 A7) - w(a,1) + 6CPE - 6t,, , =5(mod78)

3 x(B+1,B) +3y(B+1,B) — 8t,; ; = 78(mod200)
A 2(A,1) - 5v(4,1) + 324F7, — 108CP° - 3Pr, = 28(mod321)
5 p(2", 1) =9],, + 4

~84n~

Pattern 111

-

39;@3 —u? = 3p°?

Equation (3) can be written as (6)
Assumeif =384 _ B* _ @)
and write 3 as 3= ['Y 39+ 6}["*. 39 - 6} (8)

Using (7) and (8) in (6), it is written in the factorizable form
as

(V39p +u)(V39p - u) = (V394 6)(V39 - 6)(v394 + S)E (V394-5)
which is equivalent to the system of equations i
[‘Tﬁp + u} = [‘vﬁ + 6}[‘-;%4 + B }_

A

(Mﬁp —u) = [wﬁ — 6}(\%4 - B)
Solving either of the above two equations, we have
u = 2344 +65- + 7848
v = 394% — B?

p =394+ 5 +124F (8a)
In view of (2), the corresponding non-zero distinct integral
solutions of (1) are given by

x=x(A B)=1273A + 5B* + 784B

v =v(A B) = 1954%* + 7B + 78A4B

w=w(4,B) = (23447 + 687 + 784B)(394°* -B*) +1
z=z(A,B) = (2344 + 657 + 7845)(394* - B?) -1
along with (8a).

Properties:

L 72(AA+1) - 5y(4, A+ 1) — 1092Pr, = 0(mod936)
2_12[_1;(3 +1,B)—5p(B+1,5)— 18Pr]
Nasty number

g WL B) +72Ff, — 6CPF* +t), 5 = 31(mod3032)
2 2%(L,2%) —13p(1,2") = 36— 9]y,

isa

Pattern IV

Assumef pla,b) =a” +3b° ©)
where a and b_are non-zero distinct integers.

Writegg - [-6 T 3}['6 oW 3} (10)

Using (9) and (10) in (3), and applying the method of
factorization, it is written as the system of double equations
as

u+iv3v= [6 + 1"-;'5} [a + -\'.I"r'lgb}:

u—i3v= [6 — iv'g} [a — iw'gb}_

Equating the real and imaginary parts of either of the above
equations, we have

u=u(a,b) = 6a* — 18b° — 6ab

v =v(a,b) =a* —3b* +12ab

In view of (2), the corresponding non-zero distinct integral
solutions of (1) are given by

x=x(a b)=7a" — 21b° + 6ab

v =v(a,b) = 5a® —15b° — 18ab

w=w(a,b) = (6a® — 18b* — 6ab)(a* — 3b* + 12ab) +1
z=z(ab) = (6a® —18b* —6ab)(a® — 3b% +12ab) — 1
along with (9).
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Properties: ) w +Jpt==30pt =397 =1
p L - r L L ¥y R |- . — —
L ?7(-:1, a+l)—-viaga+ll +2plaa+l]l— 24P, 1= 1_[1_ 1 ;_4{3;[ 1- iﬂh,"i'}
is a perfect square Write 1 as = ) (12)
) Zv(b+ 1.5) +4p(b+ 1L.B) — 2x(b+ 1.B) + 48Pr, s Applying a similar analysis presented in above pattern IV
’ a Nasty number and performing a few calculations, the corresponding non-
y l)Y_ 52{0 1) = 36F%, - 16C2 162340 = —50 med189] zero distinct integral solutions to (1) are given by
3. WA AT AR & BT e T JeateT x = x(a b) = 133a° — 3995° — 1134ab
. Lo —4npe - gy = 10, . -
n z(a, 1) + yla, 1) - 48F% = 120R:4 £ 22t - = 38(mod285) v = vla k) = —217a? £ 65152 — G66ab

s, wlerZa)=zla+Za)+pla+2,a) =4, =6 o b= (4260 + 126b° - 1050ab)(1750° - 5255° — B4ab) + 1
z=z(a,k) =(-42a* + 126b° - 1050ak)(175a* — 5255° + 8dab) - 1

Note :
It is seen that 39 may also be represented in the following o = pla, b)) = 49q* + 1475°
ways:
39= ;[‘} + i5v3)(9 - 15+3) ) Properties:
(1. L o _ . x(a, L)+ ¥la 1) = pla, L) = 3, . = 399%(mod2130)
i 59 = (5 + t7VE (2 — 7VE) '
ii). =" )
- — — vil, &) +x(l ) —p(l k) — 1462, = —133(mod2009
39 = —(6+ 12547 (6 — 125vF) . p VLB (LB mp(Lb) - ddty, ( )
(iii). =7 ) (11) )
20 = L[:LS a igg{g} [118 — 17 3{?} 3 :(t’{, fl.) + 882@@5‘5{ + 335166‘5’5' - 3381@?1:£ = —65151(&??&:1[5-?3399)
(iv). W t ' '
For §:ach of the above representation, the coﬁesponding 70(2.'."' 1) = 147, + 196
solutions to (1) are as follows: 4. =
Note:
Solution for (i): It is seen that 1 can also be represented in the following
v =x(ab) = 28a° — 848° — 24ab T
¥ =yla b} = 8a® — 24b° — S6ab Q. FL0EE-03)
womw(ab) = 4[0(a® 3b%) 30ab][5(a* 3b°) | 18ab] | 1 ) 1= :_b[j_ + 11_5.‘-"5}[:1_ - ij_Sn,r-'ff}
== 2(a, b) = 4[9(a = 35%) - 30ab][5(a* - 35°) + 18ab] - 1 ?1%) |
P =plab) = 4(a® + 35%) 1= 2 (114 t4y3)(11— i4+/3)
(iii). 185 = '
Solution for (ii): By considering combinations between 39 and 1 given in (10),
= ?‘-'E'ﬂ- ?};l = 20a° — 0B — T2ab (11), (12) and (13) and performing analysis similar to that

presented above, one may get other different choices of
solutions to (1).

¥ = yla, &) = —da® + 248° — vaab
w=wia b) = 4[3(a" — 3b°) - 42ab][7(a® - 3b°) + 6ab] +1

i ap - 2 2 3. Conclusion
z = z{a,b) = 4[3(a" - 35°) — 4Zab][7(a” - 35°) + Gab] - 1 In this paper, we have obtained different patterns of non-zero
» =pla, s =4a® + 128° distinct integer solutions to the Biquadratic equation with
five unknowns given by
Solution for (ii): ) (=300 ® + ) = 390w = 2710% (L uadratic
x= ?-'(ﬂa E‘-":‘ = 217a" — 6516 — 96Gak equations are rich in variety, one may search for integer
r=via k) = —1%3q% & 200h% — 1124ab solutions to biquadratic equations with variables > 5 and

. . . . determine  their corresponding properties involving
w=w(a,b) = (42a° - 1265* - 1050ab)(1750° - 5255° + B4ab) + 1 polygonal, pyramidal and other special number patterns.

z=z(a b) = (42a° - 1265° - 1050ab)(175a" - 5255 + 84ab) — 1
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