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Abstract

In this paper, the regular properties of the lexicographic products namely, lexicographic min-product
and lexicographic max-product of two regular fuzzy graphs are studied. Also the conditions for the
lexicographic products of two regular fuzzy graphs to be regular are provided.
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1. introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Bhattacharya [1] gave some
remarks on fuzzy graphs. Some operations on fuzzy graphs were introduced by
Mordeson.J.N. and Peng.C.S. [3]. The conjunction of two fuzzy graphs was defined by
Nagoor Gani.A and Radha.K. [4]. We defined the direct sum[6] and the strong product[8] of
two fuzzy graphs and studied the effective, connected and regular properties of these
operations. Also we defined the lexicographic min-product and lexicographic max-product of
two fuzzy graphs and studied some of their properties[9]. In this paper, we have proved that
lexicographic min-product and lexicographic max-product of two regular fuzzy graphs need
not be regular and provided the conditions for the lexicographic products of two regular
fuzzy graphs to be regular.

2. Preliminaries
First let us recall some preliminary definitions and results that can be found in [1]-[9].

A fuzzy graph G is a pair of functions (o, |t) where 6 is a fuzzy subset of a non empty set V
and p is a symmetric fuzzy relation on . The underlying crisp graph of G: (o, p) is denoted
by G*:(V, E) where E ¢ VxV. The degree of a vertex u of a fuzzy graph G: (o, p) is defined
asdG (u) =2 u(uv)= > p(uv)

ey iveE . The fuzzy graph G is called k-regular if dg (u) = k for
allueV and G is called full regular if G is both regular and partially regular.

Let Gi: (o1, 1) and G :(o2,112) denote two fuzzy graphs. Define G: (o, p) with underlying
crisp graph G*: (V, E) where V. =V, x V, E = {(ui, vi)(u2, v2) / u1 u2€E; or u;= u, and v;
v2€Ey} by,

o(ui, vi) = 61(wr) v 62(v1), for all (ur, vi) €V x V; and
“((ul’vl)(uz’vz)) :{HI(UIuZ) ifugu, € E,

o, (u,)A py(v,v,) ,ifu, =u,,v,v, e E,.
Then G :(o, p) is called the lexicographic min-product of G; with G, and is denoted by G;
[GZ]min-
Define G:(t, v) by,
t(u, vi) = o1(u)) v o2(vy), for all (uy, vi) €V x V, and

i (uyuy) sifuu, € B

Y ((ul’ Vl)(uz, VZ)) - {Gl(ul) v p,(vv,) Jifu, =u,,v,v, e E,.
Then G :( 1, v) is called the lexicographic max-product of G; with G, and is denoted by G;
[G2] max-.
If Gi :(o,u) and G(onu2) are two fuzzy graphs such that oy > pp, then
dGl[Gz]m (ui,vj) =|V, | dGl (u)+ dGz (Vj) & dGlle]mM (ui,vj) =|V, | dGl (u) +dG; (Vj)csl(ui).
Ifo; < W, then

dGl[Gz]mm (u;,v;) =V, | dc1 (ui)+dGZ (vio,(u;) & dGl[Gz]max (u;,v;) =V, | dG1 (u;) +dcz (v;).

If 61 A w2 = ¢, a constant, then de 6,1, (W V) =V, [dg () + dG§ (vje.
. (uian) :| Vz | dG, (ui)+d(}: (VJ')C'

If 61 v o= c, a constant, then dG.[Gz Tivas
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Notation
The relation o < 6, means that 6(u) < 62(v) for every ueV,
and for every ve V, where o; is a fuzzy subset of Vi, i =1,2.

3. Regular property of the lexicographic min-product
If Gi: (o1, p1) and Ga: (02, W) are two regular fuzzy graphs
then the lexicographic min-product Gi[G]min:(c, p) of Gi:

Giiloy, {4) G, ji)
uy(0.3) vi(0. 4]
[
0.2 0.4
L]
Lz{0.2] w(0.5)

(o1, ) with Gz: (02, 12) need not be a regular fuzzy graph. It
is illustrated through the following example.

3.1. Example

Consider the two fuzzy graphs Gi:(c1, pi), G2:(c2, W) and
their lexicographic min-product Gi[G2]min:(0, [) given in the
following Figure-1.

Gl[GZ]min: (al .u)

Ly ¥1(0,4) 0.3 Uy ¥3(0.5)
0.2
0.2 0.2
0.2
Uz v(0.4) 0.2 Lz wz(0.5)

Fig: 1 Lexicographic min-product of Gi with G2

dg (u;)=0.2,Vu; eV, and d; (v;)=04,Vv, eV,
But,

ds 6,1 (0, v,)=2x0.2+1x03=0.7 and d;; ., (u,,v,)=2x0.2+1x0.3=0.7

d

Gi[G Jmin

Thus the two fuzzy graphs Gi: (o1, wi) and Go: (o2, L2) are
regular but their lexicographic min-product Gi[G2]min:(0, L)
is not a regular fuzzy graph.

But with few restrictions it can be proved that the
lexicographic min-product of two regular fuzzy graphs is
regular. The following theorems explain the conditions for
the lexicographic min-product of two regular fuzzy graphs to
be regular.

3.2. Remark
If Gi:(o1,)1) and Gz:(o2,2) are two partially regular fuzzy
graphs then both the lexicographic —min-products

G1[G2]min:(0, ) and G2[Gi]min:(o’, W') are partially regular

fuzzy graphs since G :(ViE) and G2 (Vo Ed) are
regular graphs.

3.3. Theorem

If Gi:(o1,l1) and Gz:(o2,112) are two fuzzy graphs such that o;
> W then the lexicographic min-product Gi[Gz]min:(0, W) is a
regular fuzzy graph if and only if Gi:(o1,p1) and Gz:(62,12)
are regular fuzzy graphs.

Proof:
Let Gi:(o1,p1) and Gz:(o2,2) be two fuzzy graphs such that
o1 > Wo. Then, the degree of any vertex in the lexicographic
min-product of the two fuzzy graphs Gi:(oi,) and
Ga:(02,112) 18 given by,

dGl[GZ]mm (uian) =| v, ‘ d(}1 (ui) + d(;2 (Vj)
If Gi:(o,1) and Ga:(o,l2) are regular fuzzy graphs of
degrees kj and ks respectively, then

dg 6.y, (Wi, v) =1V, [k +k,

This is a constant since ki, k» and |V| are all constants and it
is true for all (u; vj) € Vi x V.
Thus we arrive at the lexicographic min-product
Gi[G2]min:(o, p) of the fuzzy graph Gi:(o1,1) with Ga:(o2,112)
is regular.

(U,,V))=2x02+1x0.2=0.6 and dg g, (u,,V,)=2x0.2+1x0.2=0.6

Conversely assume that Gi:(o),p1) and Ga:(oa,l2) are two
fuzzy graphs such that o; > p, and the lexicographic min-
product G1[Gaz]min:(0, 1) is a regular fuzzy graph.

To prove: Gi:(o1,p1) and Gs:(o2,112) are regular fuzzy graphs.
Then for any two vertices (ui, vi) and (uz, v2) in VXVy,
(uy,vy) = GG I
= |Vz‘d0,(u1)+d02(vl)=|Vz‘d0,(u2)+dcz(vz)
Fix veV; and consider (uj, v) and (uy, v) in VXV, where uy,
u, €V, are arbitrary.

GGy i C 17 Uy, V,

= [V, [dg (u)+dg (v) =V, [dg (u,)+dg (V)
= |V2|dG,(u1):|Vz|dG,(u2)
= dc,(u1) = dGl(uz)

This is true for all u;, u; €Vy. Thus Gi: (61, p1) is a regular
fuzzy graph.

Now fix ueV; and consider (u, v;) and (u, v2) in VxV;
where vi, v2 €V, are arbitrary.

= |V2|dcw(u)+dGZ(V1):|V2‘d0‘(u)+dGz(V2)
= dGz(Vl):dGz(VZ)

This is true for all vi, v2 €V, Thus Gz: (62, W) is also a
regular fuzzy graph.

3.4. Remark

(i) Similarly it can be proved that if Gi:(o1,11) and Gz:(o2,12)
are two fuzzy graphs such that 6> > 1, then the lexicographic
min-product Go[Gi]min:(c’, 1) is a regular fuzzy graph if and
only if Gi:(o1,11) and Ga:(o2,112) are regular fuzzy graphs.

(1) If Gi:(o1,1) and Ga:(o2,W2) are two fuzzy graphs
such that oy > p, then the lexicographic min-product
Gi[G2]min:(o, p) is a full regular fuzzy graph if and only if
Gi:(o1,11) and Ga:(o2,12) are full regular fuzzy graphs.

(iii) If Gi:(o1,i1) and Ga:(oo,12) are two fuzzy graphs such
that 6; > 1, then the lexicographic min-product Gi[G2]min:(0,
Wwis a complete regular fuzzy graph if and only if Gi:(o1,u1)
and G:(o2,l2) are complete regular fuzzy graphs.

(iv) In the above two remarks (ii) and (iii), if the condition
“c1 > Wo” is replaced with “c, > n;” then the lexicographic
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min-product “G[Gz]min:(c, w)” will be replaced with
“GZ[GI]min:(Grp u!)”'

3.5. Example
Consider the two complete regular fuzzy graphs Gi:(o1,L1)
and G(ozl2) and the lexicographic min-product

Gailes, &)
Complete regular

Giloy, )
Complete regular

G1[G2]min:(o, p) of them which is also a complete regular
fuzzy graph in the following Figure-2. In fact Gi:(o1,p) and
G1:(02,l12) are full regular fuzzy graphs and the lexicographic
min-product Gi[Gz]min:(0, 1) of these two full regular fuzzy
graphs is also a full regular fuzzy graph.

G11Gz] i {0, 1)
Complete regular
Ly "."2|:D. E:l

Lz Vzl:D.E:l

Fig 2: Lexicographic min-product of two complete regular fuzzy graphs

U (0.4) v1(0.5)
0.4 2 0.3
0.2
Uy (0.5) wo(0.6] w3(0.4)
3.6. Theorem

If Gi:(o,p1) is a regular fuzzy graph and Ga:(oo,l2) is a
partially regular fuzzy graph such that 6; A p, is a constant
then the lexicographic min-product Gi[Gz]min:(c, ) of
Gi:(o1,)1) with Ga:(o2,112) 1s a regular fuzzy graph.

Proof:

Let Gi:(o1,l1) be a regular fuzzy graph of degree k; and
Ga:(02,12) be a partially regular fuzzy graph such that the
underlying crisp graph G>*:(V2,E») is a regular graph (say ri-
regular). Also take 61 A W = ¢, a constant. Then, the degree
of any vertex in the lexicographic min-product of the two
fuzzy graphs Gi:(o1,p1) and G:(o2,12) is given by,

dGl[Gz]mm (ui7Vj) =V, ‘dc., (u;)+ dG; (Vj)(cl AN,)
=V, |dG1(ui)+ dG’;(Vj)C

=1V, |k, +rc.
This is a constant since |V, ki, 11 and ¢ are all constants and
it is true for all (u; vj) € Vi x V. Thus the lexicographic min-
product Gi[Gz]min:(0, W) of the fuzzy graph Gi:(oi,wi) with
Ga:(02,W2) is a regular fuzzy graph.

4. Regular property of the lexicographic max-product

Consider the two fuzzy graphs Gi:(o1, W), Ga:(o2,
W) and their lexicographic max-product Gi[Gz]max:(0, W)
given in the following Figure-3.

&y, j1) Gailo, (1) G 1[Gz ] (03, 1) (7] (7 P (. Ly
Ly(0.3) wyl(0.4) Uy v (0. 8) 0.4 g wal(0.5) wy Uy (0.4] 0.4 vy Lz(0.5)
0.2 0.4
0.2 0.2 0.4 0.4
0.2 0.4
0.2 0.4
H2(0.2) ¥2(0.5) Liz w0, 4) 0.4 Lz wol0.5] wa Ug(0.4] 0.3 Wz Ua(0.5)

Fig 3: Lexicographic max-product of Gi with G2

dg (u;)=0.2,Vu, €V, and d; (v))=04,Vv, eV,

de g, (U, V) =2x02+1x0.3=0.7 and d;

[ 2]

But,

(u,v,)=2x0.2+1x0.3=0.7

de 6, (U5, V) =2x02+1x0.2=0.6 and d (., (u,,V,)=2x0.2+1x0.2=0.6

Thus the two fuzzy graphs Gi: (o1, W) and Gz: (o2, W) are
regular fuzzy graphs but their lexicographic max-product
Gi[G2]max:(o, w) is not a regular fuzzy graph. Also
G2[Gi]max:(c’, 1') is not a regular fuzzy graph. Hence the
lexicographic max-product Gi[Gz]max:(o, 1) of two regular

fuzzy graphs Gi: (o1, i) with Gy: (62, w2) need not be a
regular fuzzy graph.

4.2. Remark
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If Gi:(o1,11) and Ga:(oo,2) are two partially regular fuzzy
graphs then both the Ilexicographic max-products
Gi[G2]max:(o, ) and Go[Gilmax:(0’, 1) are partially regular

fuzzy graphs since G :(Vi.E) ang G2 (Ve Ey) e
regular graphs.

4.3. Theorem

If Gi:(o1,1) and Go:(o2,10) are two fuzzy graphs such that o)
< W2 then the lexicographic max-product Gi[G2]max:(0, W) is a
regular fuzzy graph if and only if Gi:(o1,p) and Go:(o2,u2)
are regular fuzzy graphs.

Proof:
Let Gi:(o1,p1) and Gz:(o2,12) be two fuzzy graphs such that
o1 < w. Then, the degree of any vertex in the lexicographic
max-product Gi[Gz]max:(0, L) is given by,

G11Ga T (Uis V) = Vo [dg (u) +dg (v))
If Gi:(on,1) and Gyi(o,)) are regular fuzzy graphs of
degrees k; and k, respectively, then

de o, (U, v) =V, [k +k,
This is a constant since ki, ko and |V| are all constants and it
is true for all (u; vj) € Vi x V.
Thus we arrive at the lexicographic —max-product
G1[G2]max:(o, 1) of the fuzzy graph Gi:(c1,u1) with Ga:(o2,u2)
is regular.
Conversely assume that Gi:(oj,i1) and Ga:(o2,l2) are two
fuzzy graphs such that 6; < p, and the lexicographic max-
product Gi[G2]max:(0, W) is a regular fuzzy graph.
To prove: Gi:(o1,11) and G2:(02,12) are regular fuzzy graphs.
Then for any two vertices (u, vi) and (uz, v2) in VxV;,
G,[G (u,v,))= dGl[G (u,,v,)

2 Inax 2 Jmax

= |V, [dg (u)+dg (v)) =V, [dg (u,)+dg (v,)

Fix veV; and consider (uj, v) and (uz, v) in VXV, where uy,
w, €V, are arbitrary.

= |V, |dGl(u1)+dGz(V) =V, |dG‘(u2)+dGz(v)
= |Vz|do,(u1):|vz|dol(uz)
= dG.(ul): dG.(uz)

This is true for all u;, w» €Vi. Thus Gi: (o1, W) is a regular
fuzzy graph.
Now fix ueV; and consider (u, v;) and (u, v2) in V;xV;

where vi, v» €V, are arbitrary.
= |V, |dG,(u)+dGZ(V1) =]V, |dal(u)+dGZ(V2)

= dGz(Vl):dGZ(VZ)

This is true for all vi, v2 €V, Thus Ga: (o2, W2) is also a
regular fuzzy graph.

4.4. Remark

(i) Similarly it can be proved that if Gi:(o1,1t1) and Ga:(o2,112)
are two fuzzy graphs such that 6, < ; then the lexicographic
max-product Go[Gi]max:(0’, 1) is a regular fuzzy graph if and
only if Gi:(o1,11) and G»:(o,12) are regular fuzzy graphs.

(i1) If Gi:(o1,u) and Ga:(oz,u2) are two fuzzy graphs such
that o1 <, then the lexicographic max-product Gi[G2]max:(o,
) is a full regular fuzzy graph if and only if Gi:(o1,11) and
Ga:(02,)12) are full regular fuzzy graphs.

(iii) If Gi:(o1,11) and Ga:(oo,)2) are two fuzzy graphs such
that o) < ; then the lexicographic max-product Gi[G2]max:(o,
) is a complete regular fuzzy graph if and only if Gi:(o1,u1)
and Ga:(o2,12) are complete regular fuzzy graphs.

(iv) In the above two remarks (ii) and (iii), if the condition
“o1 < W is replaced with “c, < p;” then the lexicographic

max-product “Gi[Gz]max:(c, p)” will be replaced with
“G2[Gl]max:(c,y “’)”-

4.5. Theorem

If Gi:(o1,)) is a regular fuzzy graph and Gs:(oa,l) is a
partially regular fuzzy graph such that 6, v p, is a constant
then the lexicographic max-product Gi[G:]max:(c, p) of
Gi:(o1,u1) with Ga:(o2,112) is a regular fuzzy graph.

Proof:

Let Gi:(o1,l1) be a regular fuzzy graph of degree ki and
Gy:(02,l12) be a partially regular fuzzy graph such that the
underlying crisp graph G»*:(V2,E») is a regular graph (say r;-
regular). Also take o, v [ = ¢, a constant. Then, the degree
of any vertex in the lexicographic max-product of the two
fuzzy graphs Gi:(o1,11) and G:(o2,112) is given by,

dg 6,y (U, vy)=[V,|dg (u)+ dGZ (v)(o,vu,)

=1V, ‘dc,(ui)"‘d(j;(vj)c

=|V, |k, +rc.
This is a constant since |V2|, ki, r; and ¢ are all constants and
it is true for all (u; vj) € Vi x V,. Thus the lexicographic
max-product Gi[Gz]max:(o, W) of the fuzzy graph Gi:(oy,)
with Go:(o2,U2) is a regular fuzzy graph.

5. Conclusion

In this paper, we have studied the regular properties of the
lexicographic min-product and the lexicographic max-
product. Also we have provided the conditions for the
lexicographic products of two regular fuzzy graphs to be
regular. These properties will be helpful to study large fuzzy
graph as a combination of small fuzzy graphs and to derive
its properties from those of the small ones.

. References
1. Bhattacharya. P, Some Remarks on Fuzzy Graphs,

Pattern Recognition Letter 6 (1987), 297-302.

2. John N. Modeson and Premchand S.Nair, Fuzzy Graphs
3%((1)0 Fuzzy Hypergraphs, Physica-verlag Heidelberg,

3. Mordeson J.N. and Peng C.S., Operations on fuzzy
graphs, Information Sciences 79 (1994), 159-170.

4. Nagoorgani. A and Radha. K, Conjunction of Two
Fuzzy Graphs, International Review of Fuzzy
Mathematics, 2008, Vol. 3, 95-105.

5. Nagoorgani. A and Radha. K, Regular Property of Fuzzy

Graphs, Bulletin of Pure and Applied Sciences, Vol.27E
(No0.2)2008, 411-419.
Radha. K and Arumugam. S, On Direct Sum of Two
Fuzzy Graphs, International Journal of Scientific and
Research Publications, Volume 3, Issue 5, May 2013,
ISSN 2250-3153.

7. Radha. K and Arumugam. S, Path Matrices of Fuzzy
Gra%hs, Proceedings of the International Conference on

Mathematical ethods and Computation,Jamal
Academic Research Journal, Special Issue, February
2014, ISSN 0973-0303.

8. Radha. K and Arumugam. S, On Strong Product of Two
Fuzzy Graphs, International Journal of Scientific and

Research Publications, Volume 4, Issue 10, October
2014, ISSN 2250-3153.

9. Radha. K and Arumugam. S, On Lexicographic Products
of Two Fuzzy Graphs, International Journal of Fuzzy
Mathematical Archive, Volume 7, No.2, Special Issue,
January 2015, ISSN 2320-3250, 169-176.

10. Radha. K and Arumugam. S, On Maximal Product of
Two Fuzzy Graphs, International Journal of Current
Research, Volume 7, Issue 01, January 2015, ISSN
0975-833X, pp.11508-11515.

~785~



