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Abstract

The binary quadratic equation represented by the negative pellian y2 =10x*—6 is analyzed for its distinct integer solutions. A few

interesting relations among the solutions are also given. Further, employing the solutions of the above hyperbola, we have obtained
solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle.
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Introduction
Diophantine equation of the form y2 = Dx?+1, where D is

a given positive square-free integer is known as pell equation
and is one of the oldest Diophantine equation that has
interesting mathematicians all over the world, since antiquity,
J.L. Lagrange proved that the positive Pell equation

y? = Dx? +1 has infinitely many distinct integer solutions

whereas the negative pell equation y2 = Dx? —1 does not

always have a solution. In ™, an elementary proof of a
ceriterium for the solvability of the pell equation

x? — Dy? = —1where D is any positive non-square integer
has been presented. For examples the equations
y? =3x?—1,y? =7x? —4have no integer solution
whereas y? =65x% —1, y? =202x? —1 have integer
solutions. In this context, one may refer [2°1. More specifically,

one may refer “ The On-line Encyclopedia of integer sequences
” (A031396,A130226,A031398) for values of D for which the

negative pell equation y2 = Dx? —1 is solvable or not.
In this communication, the negative Pell equation given by
y? =31x* —6 is considered and infinitely many integer

solutions are obtained. A few interesting relations among the
solutions are presented.

Method of Analysis
The negative pell equation representing hyperbola under
consideration is

y? =10x" -6 1)
whose smallest positive integer solution is X, =1, Yy, =2
To obtain the other solutions of (1), consider the pell equation
y? =10x’ +1 whose solution is given by
1, - 1

~:_f’n:_ n

where,

£ =(19+6410" +(19-6v10/"
g, =(19+6v10]” ~[19-6410]"

Applying Brahamagupta Lemma between (xo, yo) and (Yn yn)

the other integer solutions of (1) are given by
1

=f +——
Xn+1 n 2\/E)gn

1
=5f +——
yn+l n /_10 gn

The recurrence relations satisfied by the solutions X &Y are
given by
Xha1 _38)(n+2 X3 =0, Xo =1 X =31

Xna _38yn+2 t Yoz = 0 Yo= 2, Y, = 98

Some numerical examples of X &Y satisfying (1) are given in
the table below

n X Y

0 1 2

1 31 98

2 1177 3722

3 44695 141338
4 1697233 5367122

From the above table, we observe some interesting relations

among the solutions which are presented below
1) X, is always odd.

2) 'y, isalways even.

3) Each of the following expressions is a nasty number.




4)
5)

6)
7)

20X2n+2 _4y2n+2 +12
5583X,,,,, = 3X,,,4 + 2052

171
3722X,,,, —98X,,,, + 36
3
Yonea —1177Y,,., +1368
114
Yonss ~ 31 Yonso 36
3
31Yyn,0 —1177Y,,,5+36
3
620%,., =4Y,n.5+228
19
20X,,,, —196Y,. ., + 228
19

10X3n+3 — 2y3n+3 +342
3
Xn+3 = 38Xn+2 — Xna

6yn+1 = Xni2 _19Xn+l
6yn+2 =19Xn+2 — Xnn

is a cubical integer.

6y,.; =721%,,, —19X, .,
121X, = Xq,5 — 228Y 10
60X, =19Y,.2 = Yo
60X, = Yoz —19Y00
Xni2 =19%,,3 =6y,

8)
9)
10)
11)

12)
13) 120X, = Yniz = Yaa
14) Xna = Xnea -12y,.,

15) 721x,,, =19X,,, —6Y, 4
16) 60X,,1 = Yoo =19Y00
17) 60x,,, =19y, — 721y, ,

18) 721x%ni2 =19X, X, ., —6Y, X .,

19)
20)
21)
22)

2

60X “n+2 :19yn+2xn+2 - yn+1Xn+2
2

721X ha1 = XniaXna — 228yn+lxn+l

60X2n+1 =Yoo Xna _19yn+1xn+l
2280 Xn+1 = yn+3 - 72:|-yn+1

Remarkable Observations

I. Employing linear combinations among the solutions of (1),
one may generate integer solutions for other choices of

hyperbolas which are presented in the table 1 below.

Table 1
S. No Hyperbola (X,Y)
1 X 2 Y 2 _ 36 (10Xn+1 B 2yn+1 ’\/Eyml B 2\/Exnﬂ)
3 3
2 | X% _y?_ 7485696 (186 L% 1 =X 1\/Exn+3 —1177Jﬁxn+1)
342 684
5 X7 y? —s184 | (188D =49y 314/10x, —1177\/Exn+2)
9 18
yn+3 _1177yn+1 1861yn+1 — yn+3
4 2 _y2 _ ,
X2 Y2 =74856960 ( a8a 30210 )
Yni2 — 31yn+1 49yn+1 ~ Yni2
5 2 _y2_ ’
X?-Y?=51840 ( 15 V10 )
31y,.,—-1177y 1861y, ., —49y
6 2 _y2 _ n+3 n+2 , n+2 n+3
X?-Y?=51840 ( 15 910 )
7 X 2 _Y 2 — 51984 (310Xn+1 - 2yn+2 , \/Eyn+2 - 98\/Exn+l)
57 57
8 X 2 Y 2 _ 51984 (10Xn+25_798yn+l ’ 3:l'\/Eynﬂs; 2\/Exn+2)
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1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas

which are presented in the table 2 below.

Table 2
S. No Parabola (X Y )
. Y?=3X -36 10X2”+2 ; 2y2ﬂ+2 ’ \/Eynﬂ _32\/Exn+1)
2 | Y?=1368X — 7485696 (186 %m0 = Xanes V10X, —1177x/ﬁxn+1)
342 684
3 v 36X —5184 (186100 49,0 31410x,,, —1177+/10x,,, )

9 18

4 | Y? =1368410X — 7485696

(y2n+4 _1177y2n+2 1861yn+1 B yn+3)

684 " 342410

5 Y2 =36410X —51840

( Yonis — 31y2n+2 49 Yoir =~ Ynso )

18 910

7 Y?=114X —51984 (

3:|'0X2n+2 B 2y2n+3 \/EYnu — 98\/ﬁxn+l

57 ’ 57 )

8 Y?=114X —-51984 (

10X2n+3 _ 98y2n+2 3:l-\/EYnJrl _ memz )

57 57

I1. Consider m =X, ; + Y,,4,N = X,,, observe that

m > n > 0.Treat M, N as the generators of the pythegorean
triangIeT(a, £, 7/) , Where
a=2mn,B=m*—-n’y=m?+n?

Then the following interesting relations are observed.
Q) a-50+4y =6

b) 6ﬂ—5y—%:—6
c) 7—6a+£PA=—6

Conclusion
In this paper, we have presented infinitely many integer
solutions for the hyperbola represented by the negative Pell

equation y2 =10x? — 6. As the binary quadratic Diophantine

equation are rich in variety, one may search for the other
choices of negative Pell equations and determine their integer
solutions along with suitable properties.
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