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Abstract 

The binary quadratic equation represented by the negative pellian 610 22  xy  is analyzed for its distinct integer solutions. A few 

interesting relations among the solutions are also given. Further, employing the solutions of the above hyperbola, we have obtained 
solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle. 
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Introduction 

Diophantine equation of the form ,122  Dxy  where D is 

a given positive square-free integer is known as pell equation 
and is one of the oldest Diophantine equation that has 
interesting mathematicians all over the world, since antiquity, 
J.L. Lagrange proved that the positive Pell equation 

1y 22  Dx  has infinitely many distinct integer solutions 

whereas the negative pell equation 1y 22  Dx  does not 

always have a solution. In [1], an elementary proof of a 
ceriterium for the solvability of the pell equation 

1x 22  Dy where D is any positive non-square integer 

has been presented. For examples the equations 

47,13y 2222  xyx have no integer solution 

whereas 1202,165y 2222  xyx  have integer 

solutions. In this context, one may refer [2-9]. More specifically, 
one may refer “ The On-line Encyclopedia of integer sequences 
” (A031396,A130226,A031398) for values of D for which the 

negative pell equation 1y 22  Dx  is solvable or not. 

In this communication, the negative Pell equation given by 

631y 22  x  is considered and infinitely many integer 

solutions are obtained. A few interesting relations among the 
solutions are presented. 
 
Method of Analysis 
The negative pell equation representing hyperbola under 
consideration is 

610 22  xy     (1) 

whose smallest positive integer solution is 2,1 00  yx  

To obtain the other solutions of (1), consider the pell equation 

110 22  xy  whose solution is given by 
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Applying Brahamagupta Lemma between  00, yx  and  nn yx ~,~ , 

the other integer solutions of (1) are given by 
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The recurrence relations satisfied by the solutions yx&  are 

given by 
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Some numerical examples of yx &  satisfying (1) are given in 

the table below 
 

n  nx  ny  

0 1 2 
1 31 98 
2 1177 3722 
3 44695 141338 
4 1697233 5367122 

 
From the above table, we observe some interesting relations 
among the solutions which are presented below 
1) nx  is always odd. 

2) ny  is always even. 

3) Each of the following expressions is a nasty number. 
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a. 12420 2222   nn yx  

b. 
171

205235583 4222   nn xx
 

c. 
3

36983722 4232   nn xx
 

d. 
114

13681177 2242   nn yy
 

e. 
3

3631 2232   nn yy
 

f. 
3

36117731 3242   nn yy
 

g. 
19

2284620 3222   nn yx
 

h. 
19

22819620 2232   nn yx
 

 

4) 
3

342210 3333   nn yx
 is a cubical integer. 

5) 123 38   nnn xxx  

6) 121 196   nnn xxy
 

7) 122 196   nnn xxy
 

8) 123 197216   nnn xxy
 

9) 131 228721   nnn yxx
 

10) 122 1960   nnn yyx
 

11) 232 1960   nnn yyx
 

12) 332 619   nnn yxx
 

13) 132120   nnn yyx
 

14) 231 12   nnn yxx
 

15) 132 619721   nnn yxx
 

16) 121 1960   nnn yyx
 

17) 231 7211960   nnn yyx
 

18) 21232
2 619721   nnnnn xyxxx

 

19) 21222
2 1960   nnnnn xyxyx

 

20) 11131
2 228721   nnnnn xyxxx

 

21) 11121
2 1960   nnnnn xyxyx

 

22) 131 7212280   nnn yyx
 

 
Remarkable Observations 
I. Employing linear combinations among the solutions of (1), 
one may generate integer solutions for other choices of 
hyperbolas which are presented in the table 1 below.

 
Table 1 

 

S. No Hyperbola ),( YX  

1 3622 YX  )
3

10210
,

3

210
( 1111   nnnn xyyx

 

2 748569622 YX  )
684

10117710
,

342

1861
( 1331   nnnn xxxx

 

3 518422 YX  )
18

1011771031
,

9

491861
( 2332   nnnn xxxx

 

4 7485696022 YX  )
10342

1861
,

684

1177
( 3113   nnnn yyyy

 

5 5184022 YX  )
109

49
,

18

31
( 2112   nnnn yyyy

 

6 5184022 YX  )
109

491861
,

18

117731
( 3223   nnnn yyyy

 

7 5198422 YX  )
57

109810
,

57

2310
( 1221   nnnn xyyx

 

8 5198422 YX  )
57

1021031
,

57

9810
( 2112   nnnn xyyx
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II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in the table 2 below.

 
Table 2 

 

S. No Parabola ),( YX  

1 3632  XY  )
3

10210
,

3

210
( 112222   nnnn xyyx

 

2 748569613682  XY  )
684

10117710
,

342

1861
( 134222   nnnn xxxx

 

3 5184362  XY  )
18

1011771031
,

9

491861
( 234232   nnnn xxxx

 

4 74856961013682  XY  )
10342

1861
,

684

1177
( 312242   nnnn yyyy

 

5 5184010362  XY  )
109

49
,

18

31
( 212232   nnnn yyyy

 

7 519841142  XY  )
57

109810
,

57

2310
( 123222   nnnn xyyx

 

8 519841142  XY  )
57

1021031
,

57

9810
( 212232   nnnn xyyx

 

 

III. Consider 111 ,   nnn xnyxm  observe that 

0 nm .Treat nm, as the generators of the pythegorean 

triangle   ,,T , where
2222 ,,2 nmnmmn    

 
Then the following interesting relations are observed. 
a) 645    

b) 6
4

56 
P

A  

c) 6
20

6 
P

A  

 
Conclusion 
In this paper, we have presented infinitely many integer 
solutions for the hyperbola represented by the negative Pell 

equation 610y 22  x . As the binary quadratic Diophantine 

equation are rich in variety, one may search for the other 
choices of negative Pell equations and determine their integer 
solutions along with suitable properties. 
 
References 
1. Mollin RA, Anitha Srinivasan. A Note on the Negative 

Pell Equation, International Journal of Algebra. 2010; 
4(19):919-922. 

2. Whitford EE. Some Solutions of the Pellian Equations 

422  Ayx  JSTOR: Annals of Mathematics, 

Second Series 1913-1914; 1:157-160. 
3. S. Ahmet Tekcan. Betw Gezer and Osman Bizim, “On the 

Integer Solutions of the Pell Equation tdyx 222  , 

World Academy of Science, Engineering and Technology 
2007; 1:522-526. 

4. Ahmet Tekcan. The Pell Equation. tykkx 2)( 222  , 

World Academy of Science, Engineering and Technology 
2008; 19:697-701. 

5. Merve Guney. Solutions of the pell equations 
tybbax 2)2( 2222  , when )4,1( N , 

Mathematica Aterna 2012; 2(7):629-638. 
6. V Sangeetha, M.A Gopalan, Manju Somanath. On the 

Integral Solutions of the pell Equation tyx 313 22  , 

International Journal of Applied Mathematical Research. 
2014; 3(1):58-61. 

7. M.A Gopalan, G Sumathi, S vidhyalakshmi. Observations 

on the hyperbola tyx 319 22  , Scholars Journal of the 

Engineering and Technology. 2014; 2(2A):152-155. 
8. M.A Gopalan, S Vidhyalakshmi, A Kavitha. On The 

Integral Solution of the Binary Quadratic Equation
222 1115  yx , Scholars Journal of the Engineering 

and Technology. 2014; 2(2A)”156-158. 
a. S Vidhyalakshmi, V Krithika, K Agalya. On The Negative 

Pell Equation, Proceedings of the National Conference on 
MATAM, 2015, 4-9. 


