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Abstract

In this paper, we have introduced the concept of double vertex graph and complete double vertex graph of
a fuzzy graph which are analogous to the concept double vertex graph and complete double vertex graph in
crisp graph theory. We have studied the connected, effective and complete properties of these operations.
Also we have obtained the degree of a vertex in the double vertex graph and complete double vertex graph
of a fuzzy graph.
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Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Later on, Bhattacharya [ gave
some remarks on fuzzy graphs. Some operations on fuzzy graphs were introduced by
Mordeson.J.N. and Peng.C.S. 2. The conjunction of two fuzzy graphs was defined by Nagoor
Gani.A and Radha.K. Bl. We defined the direct sum 4, the strong product [, the lexicographic
products ¥, maximal product [ of two fuzzy graphs and studied the properties of these
operations. In this paper, we have introduced the concept of double vertex graph and complete
double vertex graph of a fuzzy graph which are analogous to the concept double vertex graph
and complete double vertex graph in crisp graph theory. We have studied the connected,
effective and complete properties of these operations. Also we have obtained the degree of a
vertex in the double vertex graph and complete double vertex graph of a fuzzy graph.

First let us recall some preliminary definitions that can be found in [,

A fuzzy graph G is a pair of functions (o, 1) where o is a fuzzy subset of a non-empty set V and
p is a symmetric fuzzy relation on o. The underlying crisp graph of G:(o, p) is denoted by
G*:(V, E) where E < VxV. A fuzzy graph G:(c, n) with underlying crisp graph G*:(V,E) is
called a connected fuzzy graph if for all u, veV there exists at least one non-zero path between u
and v.

A fuzzy graph G:(o, p) is called an effective fuzzy graph if p(u v) = o(u) A o(v) for all uveE and
a complete fuzzy graph if p(u v) = o(u) A o(v) for all u, veV. Therefore G is complete if and
only if G is effective and G* is complete.

The degree of a vertex u of a fuzzy graph G:(o, p) with underlying crisp graph G*:(V,E) is
defined as

dg (W)=Y p(u) = 3 p(uv)

u#v uveE

Let G = (V, E) be a graph with order n > 2. The double vertex graph, denoted by Ux(G), is the
graph whose vertex set consists of all nC, unordered pairs of V such that two vertices {x, y} and
{u, v} are adjacent if and only if [{x, y}"{u, v}| =1 and if x = u, then y and v are adjacent in G.
Let G = (V, E) be a graph with order n > 2. The complete double vertex graph, denoted by
CU»(QG), is the graph whose vertex set consists of all (n+1)C, unordered pairs of V, that is, it
contains all the vertices of Ux(G) and all 2-element multisets of the form {a, a}, such that two
vertices {x, y} and {u, v} are adjacent if and only if |{x, y}n{u, v}| =1 and if x = u, then y and
v are adjacent in G. The following figure-1 illustrates the double vertex and the complete double
vertex graphs of a graph.
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G:(V.E) D(G):(Va, Eg) CD(G):(Veg, Eca)
us u; {uuz} {u1us} {urua}
{uLug} {uLus}
t {uz2us} st} {uus} e}
Figure-1
Notation Now o) Apuruz) < o(wm) A [o(u2) A o(us)]

In a fuzzy graph G:(o,pn) with underlying crisp graph G*:(V,
E), the relation 6 > p means that o(u) > p (uv) for every ueV
and for every uveE.

2. Double vertex graph of a fuzzy graph

2.1. Definition

Let G:(o,n) be a fuzzy graph with underlying crisp graph
G*:(V, E) of order n > 2. Define D(G):(c4, ta) on Ux(G*):(Vq,
Eq4) whose vertex set V4 consists of all nC, unordered pairs of
vertices in V such that two vertices {x,y} and {u,v} are
adjacent if and only if |{X,y}"{u,v}|=1 and if x = u then y and
v are adjacent in G such that,

co({u, w}) = o(u) A o(u), for all {w, uw} € Vq and

Hd({uv u,Hu, ua}) =o(u) Apu,w,), Viu,, u,Hu,, ut ek,

G:(o, p)
u2(0.6)
0.3

u3(0.4)

0.4

u1(0.5)

= [ou1) A ()] A [6(wr) A o{us)]
=o(u1, u2) A o(uy, uz).

Hence pa({ui, uw}{ui, us}) < o({ui, w}) A o({ui, us}).
Therefore D(G):(c4, pa) is a fuzzy graph. This is called the
double vertex graph of the fuzzy graph G.

2.2. Remark

If G:(o,n) has ‘n’ non zero vertices and ‘m’ non zero edges,
then the double vertex graph D(G):(a4, pa) has n(n — 1)/2 non
zero vertices and m(n — 2) non zero edges.

2.3. Example

D(G):(o4, pa)
{ur,u2}(0.5) {ur,us}(0.4)
03
04
{u2,u3}(0.4)

Figure-2

2.4. Theorem
The double vertex graph of an effective fuzzy graph is an
effective fuzzy graph.

Proof:
Let G:(o,1) be an effective fuzzy graph. Then p(uiuz) = o(uy)
A o(up) for all wju,€E.
Let D(G):(o4, pa) be the double vertex graph of G defied on
Ux(G*):(Vg, Eq). Then proceeding as in the definition,
cd({ui,u;} )=o(ui)Ao(y;), for all {ui,u;} €Vqand
Hd({ula u,Hu,, 113}) =o(u) Ap(u,u,), Viu,, u, iy, ut ek
Now o(ui) A p(uz u3) = o(u) A [o(u) A o(usz)] = [o(ur) A
o(u)] A [o(ur) A o(us)]

=o({ui, w}) A o({ui, us}).

Hence pa({ui, uz} {ui, us}) = o({us, uz}) A o({ui, us}). This is
true for all {u;, w2} {ui, us} €Eq and therefore D(G):(c4, Wa) is
an effective fuzzy graph.
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2.5. Example
The following Figure-3 illustrates the theorem?2.4.

G:(o, p)
u2(0.6) u3(0.8)

0.5 0.5

ui(0.5)

D(G):(o4q, na)
{uru2}(0.5) {ur,u3}(0.5)
0.5
05 0.5
{uz,u3}(0.6)

Figure-3

2.6. Theorem
The double vertex graph of a connected fuzzy graph is a
connected fuzzy graph.

Proof

Let G:(o,p) be a connected fuzzy graph. Then p*(uuz) > 0 for
all wju,€E.

Let D(G):(o4, pa) be the double vertex graph of G defied on
Ux(G*):(Vg, Ea).

To prove: D(G) is connected.

Consider Vi < V4 consisting all the vertices having u;. That is,
Vi={{u, wi}, {u, uz}, ......, {ui, um} }(say). Since each pair of
vertices in V; has u; in common and G is connected, these

G:(o, p) D(G):(o4, na)

vertices form a connected component of G. Thus we have ‘n’
connected components of G for i=1,2,....,n namely
G1,Gy,...... ,Gn. Now consider any two connected components
G; and G; of G and {uj, u2} € Gj. Suppose that u; is adjacent
to ux in G. Since G is connected, there exists a vertex {u,,
ux} € G such that {u;, uz} and {u,, ux} are path connected.
Thus pua*({u, v} {x, y}) > 0 for any {u, vle G; and {x, y} e G2
. Thus the two components G; and G, are not disjoint. This is
true for any two components and hence G is connected.

2.7. Example
The following Figure-4 illustrates the theorem?2.5.

{ur,uz}(0.5)

u2(0.6) u3(0.8) furu}(0.5) 7 2_{u1,u4}(0.5)

0.6

0.5 0.5

w(0.5)  wa(0.5)

{u2,u4}(0.5) |

Figure-4

2.8. Remark
The double vertex graph of a complete fuzzy graph need not
be a complete fuzzy graph. Consider the following fuzzy

graph G:(o,n) and its double vertex graph D(G):(c4, 1a) where
G:(o,n) is a complete fuzzy graph and D(G):(og, a) is not a
complete one.

G:(o, p) D(G):(0a, Ha) 1y, 131(0.5)
0.5

w(0.6) g6 u(0.8)  fuu}(0.5)

N

0.5 ﬁ 0.4 X > |
{wsua}(0.4) 57 . {u2,u3}(0.6)

ui(0.5) 04w (0.4)

Figure-§

~179~



International Journal of Multidisciplinary Research and Development

2.9. Remark

If G:(o,p) is a complete fuzzy graph with two vertices then
double vertex graph D(G):(cq4, [a) is a fuzzy graph with only
one vertex.

If G:(o,p) is a complete fuzzy graph with three vertices then
double vertex graph D(G):(c4, [a) is also a complete fuzzy
graph with the same number of vertices and edges.

dD(G)({uisuj}): Z

{ujuji{uu, jeEy

-3

u;j=uy anduju,€E

3.1. Theorem
If G:(o,p) be a fuzzy graph such that 6> p, then the degree of
a vertex in the double vertex graph D(G):(og, pa) is given by,

dpy({u,u;}) =dg (u;) +dg (u;) = 2pu;u;

dD(G)({ui9uj})= Z

{up,ui{ugu, teEg

= 2

u;=u anduju,€E

Z wu ju() +

u;=u anduju, €E

u; =y anduju,eE

=dg(u))+dg(u)—2p(uu;)

3.2. Remark
In the above theorem 3.1 if uju;¢E then the degree of the
vertex {uj, uj} in the double vertex graph D(G):(cq4, Ma) is

dD(G)({ui’uj}) :dG(uj)+dG(ui)

G(ui)AM(uju5)+ Z

o(u;) A “‘(ujué )+

z M(uju/,) + H(uiuj) + Z

Since every complete fuzzy graph is an effective fuzzy graph,
from theorem?2.4, the double vertex graph of a complete fuzzy
graph is an effective fuzzy graph.

3. Degree of a vertex in the double vertex graph
The degree of any vertex in the double vertex graph of a fuzzy
graph G:(o, p) is given by,

Hd({ui»uj} {uu, )

c(u;) Ap(uu,)

uju€E and uj=u,

Proof:

Let G: (o,u) be a fuzzy graph such that 6> p. This implies that
o A uw= . Then the degree of any vertex {u, v}e Vqis given
by,

g ({upu b {uu,})

Z o(u;) Ap(uu, )

u;u, €E and uj=u,

u(uuy)

vy eEandu;=u,

p(uguy ) +p(ugug) = 2p(uu;)

vy eEand u;=u,

3.3. Example
Consider the following fuzzy graph G:(o,p) in which 6 > p
and its double vertex graph D(G):(oq, L).

given by,
G:(o, p) D(G):(00, pa) {ur,uz}(0.7)
u2(0.6) w(0.7)  fuu2l(0.6)
0.5
0.4 0.4
0.5 {usu4}(0.6)
u(0.8)  u4(0.6) {u2,u4}(0.6)
Figure-6
Now,

dg(u)+dg(uy) =20 (uu,) = 0.4+0.5+0.4+0.5-2(0.4) =1.0 =dp ¢, ({u,,u,})

dg(u,)+dg(u;)—2p(uyu,) =0.4+0.5+0.4+0.5-2(0.5)=0.8=d, 5, ({u,,u,})

dg(u)+d;(u;)=04+05+04+05=1.8=d,({u,u,})sincen,u, ¢ E
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3.4. Remark

From the above example 3.3, it is clear that if a fuzzy graph
G: (o,u) is regular then its double vertex graph D(G):(c4, pa)
need not be regular.

4. Complete double vertex graph of a fuzzy graph

4.1. Definition

Let G:(o,u) be a fuzzy graph with underlying crisp graph
G*:(V, E) of order n > 2. Define D(G):(Gcd, Med) ON
CU2(G*):(Ves, Eca) whose vertex set Vg consists of all
(n+1)C; unordered pairs of vertices in V(duplicates allowed).
That is, it contains all the vertices of U2(G) and all 2-element
multi-sets of the form {a, a}. Again two vertices {x,y} and
{u,v} are adjacent if and only if [{x,y}"{u,v}|=1 and if x =u
then y and v are adjacent in G such that,

oed ({u;, uj}) = o(w) A o(w;), for all {u;, uj} € Veqand

G:(o, p
u2(0.6)
0.3

u3(0.4)

0.4

u1(0.5)

{ur,u1}(0.5)

(g, u 3o, u}) =o(u)Apuu,), Viu, u,}u, u}eE

Now o) A p(uz2 uz) < o) A [o(uz) A o(uz)]
=[o(u1) A o(u)] A [o(u) A o(us)]
=o(u1, w2) A o(uy, u3).
Hence pea({ui, w}{ui, us}) < o({u, w}) A o({ui, us}).
Therefore CD(G):(0cd, Wed) 18 a fuzzy graph. This is called the
complete double vertex graph of the fuzzy graph G.

4.2. Remark

If G:(o,n) has ‘n’ non zero vertices and ‘m’ non zero edges,
then the complete double vertex graph CD(G):(o4, [a) has n(n
+ 1)/2 non zero vertices and ‘mn’ non zero edges.

4.3. Example

CD(G):(6cd, Ped)

{u1,u2}(0.5)

{u1,u3}(0.4)

{u2,u33(0.4)

Figure-7

4.4. Theorem
The complete double vertex graph of an effective fuzzy graph
is an effective fuzzy graph.

Proof:

Let G:(o,1) be an effective fuzzy graph. Then p(uiuz) = o(uy)
A o(up) for all wju,€E.

Let CD(G):(0cd, Hed) be the complete double vertex graph of G
defied on Ux(G*):(Ved, Ecd). Then proceeding as in the
definition, ocd({u;,u;})=c(ui)Ac(y;), for all {uiuj}eVe and

G:(o, p)
u2(0.6)
0.4

u3(0.4)

0.5

{usuz}(0.4)

u1(0.5)

{uru1}(0.5)

P ({0, w iy, ws) =o(u) Ap(uw), Vi, u}u, v} e,
Now o(ui) A w(uz u3) = o) A [o(u2) A o(us)] = [o(ur) A
o(u2)] A [o(ur) A o(u3)]

=o({u1, w2}) A o({uy, us}).
Hence ped({ui, u2} {ui, us}) =o({ui, u2}) A o({ui, us}).
This is true for all {u;, w}{ui, us}€Eq and therefore
CD(G):(0cds Mea) 1s an effective fuzzy graph.

4.5. Example
The following Figure-8 illustrates the theorem 4.4.

CD(G):(Ocd, ped)

{uru2}(0.5)

{u2,us}(0.4)

Figure-8

4.6. Remark
The complete double vertex graph of a complete fuzzy graph
need not be a complete fuzzy graph. Consider the following

fuzzy graph G:(o,n) and its complete double vertex graph
CD(G):(6cds o) Where G:(o,p) is a complete fuzzy graph and
CD(G):(6cds Med) 1s not a complete fuzzy graph.
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G:(o, p) CD(G):(0cd, Hea) g u,u2}(0.5)
0.5
u3(0.7) furwi 1(0.5) 03 fuius}(0.5)
4
0.5 0.6 0.5
3} (0.7 {u2u2}(0.6)
ui(0.5) 05 uy0.6) wut 0D o3

{u2,u3}(0.6)

Figure-9

Since every complete fuzzy graph is an effective fuzzy graph,
from theorem4.4, the complete double vertex graph of a
complete fuzzy graph is an effective fuzzy graph.

4.7. Theorem
The complete double vertex graph of a connected fuzzy graph
is a connected fuzzy graph.

Proof: The proof is similar to that of 2.6.

depy({ug,u}) = Z

{upuj{uu,teEy

>

u;=u, anduju, €E

Case (ii) if i=j,

dCD(G)({ui’ui}): Z

G(ui)/\u(uju()"‘ Z

5. Degree of a vertex in the complete double vertex
graph of a fuzzy graph

The degree of any vertex in the complete double vertex graph

CD(G):(0cd, Mea) of a fuzzy graph G:(o, p) is given by,

Case (i) if i#j,

Heg({upud{uu,b)

o(u)) Ap(uu,)

vy eEandu;=u,

Mo ({ug,ud{ug,u, )

{ui,u}{uju jeEy

= Z o(u;) A p(uu,)

uu,eE

5.1. Theorem

If G:(o,p) be a fuzzy graph such that o> p, then the degree of
a vertex in the complete double vertex graph CD(G):(Gcd, Med)
is given by,

d.(u. d.(u),if i#]
dcn((;)({unuj})—{ c(u)+dg(u)),if i#]

dg(u) if i =

depg (fu,u}) = Z

{uj,ujt{uu, feEy

Hcd({uiauj} {uu,})

u;=u; and uju,€E

2 Ruu)+ Y

u;=uy and uju, €E vy, eEandu;=u,

dG(uj)+dG(ui)

Case (ii) if i=j,

dCD(G)({ui’ui}) = Z

{ujuit{uju, jeEy

= z o(u) Ap(uu,)

uu,eE

= Z n(ugu,)

u;u,eE

=dg(u;)

Z o(u;) Ap(uu, )+ Z

ujuy €E and uj=u,

u(uu,)

Proof:

Let G:(o,p) be a fuzzy graph such that > p. This implies that
o A u= . Then to find the degree of any vertex {ui, uj}€ Ve,
we have the following two cases.

Case (i) if i#j,

o(u,) An(uu,)

B ({up,ud{ug,u, )
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5.2. Example
Consider the fuzzy graph G:(o,u) and its complete double
vertex graph CD(G):(cca,Hea) given below.

CD(G):(0cq, Mea)

G:(o, n) {ur,u2}(0.5)
u3(0.7) {uur}(0.5) o4 03 fuius}(0.5)
4
0.3 0.5 0.4
0.7 {u2,u2}(0.6)
w(0.5) 04  uy0.6) st 07) o o

Figure-10

dg(u)+dg(uy)=04403+04+0.5=1.6=dcpg,({u,u,})
dg(u)+dg(uy)=0.4+0.3+0.3+0.5=1.5=deq ({u,,u,})

dg(u,)=04+05=09=dqp (1u,,u,})
dg(u)=04+03=0.7=dcp (1u,u,})

5.3. Remark
If a fuzzy graph G:(o,u) is regular then its complete double
vertex graph CD(G):(Gcd,lea) need not be regular.

5.4. Remark

Consider the fuzzy graph G:(o,u). Then, from the definitions
of the double vertex graph D(G):(c4, pa) of G and the
complete double vertex graph CD(G):(6cd,led) Of G, it is clear
that 64 < 604 and pa < pea. Hence D(G):(a4, pa) is a fuzzy sub
graph of CD(G):(Gcd,Lcd)-

6. Conclusion

In this paper, we have introduced the concept of double vertex
graph and complete double vertex graph of a fuzzy graph
which are analogous to the concept double vertex graph in
crisp graph theory. We have studied the connected, effective
and complete properties of these two operations. Also we
have obtained the degree of a vertex in the double vertex
graph and complete double vertex graph of a fuzzy graph. In
addition to the existing operations these operations and
properties will also be helpful to study large fuzzy graph as a
combination of small fuzzy graphs and to derive its properties
from those of the small ones.
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