Volume :2, Issue :4, 273-277
April 2015
www.allsubjectjournal.com
e-ISSN: 2349-4182

p-ISSN: 2349-5979

Impact Factor: 3.762

Ahmed Mohammed Naji
Department of Studies in
Mathematics University of
Mysore, Manasagangotri

India

N. D. Soner

Department of Studies in
Mathematics University of
Mysore, Manasagangotri

India

Correspondence:

Ahmed Mohammed Naji
Department of Studies in
Mathematics University of
Mysore, Manasagangotri

India

International Journal of Multidisciplinary Research and Development

International Journal of
Multidisciplinary Research and

Development

The connected monopoly in graphs

Ahmed Mohammed Naji, N. D. Soner

Abstract
In a graph G(V, E), asetd < V(G) is said to be a monopoly set of G if any vertex v €V - D has at

d (v)
least 2 d(v)

neighbors in D, where is a degree of Viin G . A monopoly set D of G is
called a connected monopoly set of G if the subgraph (D) induced by D is connected. The
minimum cardinalities of connected monopolies sets of G, denoted by cmo(G) is called the

cmo(G)

connected monopoly size of G . In this paper, we investigate the relationship between and

some other parameters of graphs. Bounds for cmo(G) and its exact values for some standard graphs
are found.
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1. Introduction

In this paper, we are conceder with a simple graph G(V,E) , that nonempty, finite, have no
loops no multiple, directed edges. Let G pesucha graph and let N and M be the number of

if V(H)=V(G)

its vertices and edges, respectively. A graph H is a subgraph of G and

E(H) < E(G). For subset S QV(G), the subgraph (S) of G is called the subgraph

induced by S if E((S)) ={uve E(G)|u,ve S} A graph G is said to be connected if
for every pair of vertices there is a path joining them. The maximal connected subgraphs are
called components. The connectivity number x(G) is defined as the minimum number of
vertices whose removal from G results in a disconnected graph or in the trivial graph (a

single vertex). A graph G is said to be K -connected if X(G) =K we refer to [4] for graph
theory notation and terminology not described here.

A set D of vertices in a graph G is a dominating set of G if every vertex in V =D is
adjacent to some vertex inD. The domination number 7(G) of G is the minimum
cardinality of a dominating set inG . The concept of connected domination number was
introduced by E. Sampathkumar and H. Walikar [8]. A dominating set D of a graph G is
connected dominating set if a subgraph induced by D is connected. The connected
domination number 7<(G) of G is the minimum cardinality of a connected dominating set in
G . for more details in domination theory of graphs we refer to [5].

A subset D of vertices set of a graph G s called a monopoly set if for every vertex
d(v)

veV(G)-D has at least 2 neighbors in D. The monopoly size of G is the smallest
cardinality of a monopoly set in G , denoted by mo(G) . A monopoly set D ofa graph G
is minimum if for any other monopoly set D of G : |DI<ID |. Any monopoly set D of

a graph G with minimum cardinality is called a minimum monopoly set. In particular,
monopolies are a dynamic monopoly (dynamos) that, when colored black at a certain time
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step, will cause the entire graph to be colored black in the
next time step under an irreversible majority conversion
process. Dynamos were first introduced by Peleg [9]. For
more details in dynamos in graphs we refer to [1, 2, 3, 7,

10]. In [6], the author defined a monopoly set of a graph G

n
, proved that the mo(G) for general graph is at least 2,
discussed the relationship between matchings and

monopolies and he showed that any graph G admits a
a (G)

A monopoly set D ofa graph G s called a connected

monopoly with at most vertices.

monopoly set of G if the subgraph (D) induced by D is
connected. The minimum cardinalities of connected

'

cmo(G)

monopolies sets of G , denoted by , is called the

connected monopoly size of G . Inthis paper, we introduce
and study the connected monopoly size of graphs and we

investigate the relationship between M0 (G) and some

other parameters of a graph. Bounds for €M° (G) and its
exact values for some standard graphs are found. It is clear

that, a connected monopoly size of a graph G s exists if

and only if G s connected. Then we consider all graphs in
this paper is connected, unless refer to otherwise. To

illustrate this concept, consider the following graph G in
Figure 1.

o
r'.r

Fig1: Agraph G with 7 =2, 7: =3 mo =3 cmo =4

The set tVs:Vs} is a dominating set of a graph G with
minimum cardinality, then y(G)=2 , the set V4. Vs, Ve}
is a connected dominating set of G with minimum
cardinality, then 7:(G)=3 e set LarVerVi} s a
monopoly set of G with minimum cardinality, then
mo(G) =3 and the set {VarVs:Vs:Vs} s a connected

Observation 2.1

n
1cm°(K“)_LEJ,n22_

) cmo(P,)=cmo(C,)=n-2 n>3
3.cmo(KLn):l n>2

A cmo(K,,)=s+1, 2<s<r

F%T, if n=1(mod 3);

cmo(W,) = n
r§1 +1, otherwise .

5.

Where W, is a wheel graph of order N 24
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monopoly set of G with minimum cardinality, then
cmo (G) =4

2. Exact Values of Connected Monopoly Size of Some
Standard Graphs

The connected monopoly size of some standard graphs can

be easily found and are given as follows:
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Theorem 2.2 Let T be a tree with 1 vertices. Then
cmo(T) =n—I(T).

where (T is the number of pendent vertices in T .

Proof. Let T be a tree with M vertices, L(T)={veT:d(v)=1} and let 1(T) = L(T) | Then since for every

d
verm INOAT-LmyE1=
(T-L(T) is a connected induce subgraph of T . Therefore,
cmo(T) <|T - L(T) |= n—I(T) (1).

Conversely, since for every veT -L(T)
cmo(T)=n-I(T) ).
From equations (1) and (2) we get €m0 (T)) = n - I(T).

3. Bounds on Connected Monopoly Size of Graphs
Relationships between a connected monopoly size

cmo (G) and some other parameters of a graph G as a
monopoly size M° (&) | a domination number 7 () 4

connected domination number 7 (G), an independent

, it follows that T-L(T) is a monopoly set of T . Furthermore,

is a cut-vertex of a tree T , it follows that

It is immediate observation, from definitions, that a
connected monopoly set of a graph G is a connected
dominating set. Then the following results proof is not
hard to get it.

Proposition 3.2 For any connected grath,
7.(G) <cmo(G).

The following results is immediate consequences of

number (G) and a connectivity number x(G) may Proposition 3.2.

be get its as following:

Since a connected monopoly set of graphs is necessarily
a monopoly set, it follows that the following result is
obvious.

Corollary 3.3 For any connected grath,
7(G) <cmo(G).

Proposition 3.1 For any connected grath,
mo(G) <cmo(G).

Theorem 3.4 Let G be a connected graph of order N and let P an integer number such that 0<p<a(G) _2. If

x(G)>2a(G)-p then
cmo(G) <n—a(G)+ p+1.

0<p<a(G)-2 ;s «(G)=a(G)-p

Proof. Let G be a connected graph of order M and let , then the subgraph

V-1 induced by subset V-1 s connected, where | is an independent set of G with cardinality equals to
d(v)
INMNAV - ——

a(G) - p—l. Since | is an independent set, it follows that 2 for every V € I Hence, V —1

is a connected monopoly set of G, Therefore,
cmo(G) <V -1 EKn—-a(G)+ p+1.

i P=0 4en cmo(G)Sn—a+1'
K(Kr,r) :a(Kr,r) =r an

1 1 1 H H Krr
this situation, we can observe it for example, in T, where

d cmo(K, )=r+l1=n-a+0+1

Theorem 3.5 Let G be a connected graph with minimum degree 9 . Then

cmo(G) > [K(ZG)}

Proof. Let G be a connected graph with minimum degree 4 and let D be a connected monopoly set of G .Since D isa
connected monopoly set, it follows that
dv) _o
|D 2| N(v)mD|z%ZE

for every V eV-D gyt k(G) <o for every connected graph. Hence,

cmo(G) =|D | @
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IV -D < x(G)-1

Theorem 3.6 Let D be a minimum monopoly set of a connected graph G Af , then

cmo(G) = mo(G).
Proof. Let D be a minimum monopoly set of G and le . Then the subgraph (D) induced by D s

connected. Hence, cmo(G) <[ D [= mo(G) . But from Proposition 3.1. we have mo(G) < cmo(G) for any connected
graph. And this completes the proof.

V=D x(G) -1

The following results is immediate consequences of Theorem 3.6.

Jif Mo(G) 2 n—-x(G) +1

Corollary 3.7 For any connected graph G , then

cmo(G) = mo(G).

Lemma 3.8 For a connected graph G of order N2 3,

cmo(G) <n-p.
Where P is the number of pendent vertices of G (' Vertices of degree equal to 1).
Theorem 3.9 Let G be a connected graph of order N>3 Then

cmo(G)<n-2.

. P C T

The bound is sharp, " and ~" attainting it.
Proof. Let G be a connected graph of order n= 3, and let LcG define as L={veV(G):d(v)= 1}. Then by

Lemma 3.8. we have cmo(G) <n—|L| )

If L2 , then the theorem is hold. Otherwise, if |LI<2 , then we consider the following cases:
Case 1: ILI= 1, namely L :{V}, Choose a vertex U eV (G) , U#V sych that U is not a cut-vertex in G, It is clear

that Y # N(V). Hence, the subgraph vV —{v,up) is connected. Furthermore, V —{v,u} is @ monopoly set in G,
cmo(G) |V —{v,u}|=n-2

Therefore,

Case 2: |L|:O, then d(v)=2 for every VEV(G). Choose subset ScV(G) and S={u,w} such that
uw e E(G) and neither Y nor W is a cut-vertex in G. Hence, the subgraph V-3) is connected. Furthermore,
IN(U)S |:1£w

Similarly for W Hence, V=S is a connected monopoly set in G, Therefore,
cmo(G)<n-2
We have from Theorem 3.9. that 1<cmo(G)<n-2
the lower bound.

. In the following result we characterize all graphs which attainting

Theorem 3.10 Let G be a connected graph of order N Then if G has only one universal vertex ( vertex with degree equal

to n-1) and all its other vertices have degrees at most 2, then cmo(G) = 1.

= =n-— ) <
Proof. Let G be a connected graph with vertex set V=0V Vo Vo d such that d(v)=n-1 and d(v)=2 for
d(v,
. D= |N(Vi)mD|:12£ i
every 1S1SN—=1 gng jet =1} Then 2 forevery 1S1<N=1 pence the set D isa

connected monopoly set in G , and cmo(G) = 1.

Theorem 3.11 Let G be a connected graph with maximum degree A<2 Then
cmo(G) = 7.(G).

<
Proof. By Proposition 3.2. we have Ve (G) <cmo(G) . Conversely, Let D be a connected dominating set of G . Then
A _d(v
b |N(v)mD|21z—z£
from definition we have that (D) is connected, and 2 2 for every V eV-D, Hence, D isa

cmo(G) < 7,(G)

connected monopoly set of G, Therefore, . This completes the proof.
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The converse of Theorem 3.11. not true. For example,

Theorem 3.12 Let G be a connected graph. Then
cmo(G) <3mo(G) - 2.

Proof. Let D be a monopoly set in G and let c(D) be
the number of components in the subgraph (D) induced
by D. 1t is clear that mO(G)ZC(D). Since every
monopoly set in Gisa dominating set, it follows that there

exists two components of (D) ( namely, ¢ (D) and
¢,(D) d(c(D).c;(D) =3 o

Ci (D) and CJ (D)

to set D decreases the number of components in (D) by
one. This procedure can be repeated it until remain only one

(D)
monopoly set in G . it is clear that there exists at most

Z(C(D)_l) vertices added to D to form a connected
monopoly set. Hence

cmo(G) | D|+2(c(D)-1)
<mo(G)+2(mo(G)-1)
<3mo(G)-2.

1= J) such that

adding the vertices in the path between

component in Thus resulting in a connected

The bound is sharp, Ry and C attainting this bound.

Theorem 3.13 Let G be a connected graph of order N and
size¢ M. Then
com(G) <2m-n.

The bound is sharp, Ry achieves it.

Proof. Since for any connected graph N—1<m it follows
by Theorem 3.9. that

cmo(G)<n-2<2(n-1)-n<2m-n.
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